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Local algorithms

output of a node is a function of input

within its constant-radius neighbourhood

Local algorithm:

(Linial 1992; Naor and Stockmeyer 1995)
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changes outside the local horizon

of a node do not affect its output

Local algorithm:

Local algorithms
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(Linial 1992; Naor and Stockmeyer 1995)



Max-min linear program

LetA>0,c, >0
Objective:

maximise minc, x
kek

subject to Ax < 1,
x>0
Generalisation of packing LP:
maximise c'x
subject to Ax < 1,
x>0
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Max-min linear program

Example: Data gathering in a sensor network

» circle = sensor O’\

» square = relay

» edge = network connection
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Max-min linear program

Example: Maximise the minimum amount of data gathered
from each sensor

- . 9
maximise min { O’\B

Xi, Xo + Xe, .
X3 + X5 + X7, s
Xg + Xg, Xg s

} 4

3
2
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Max-min linear program

Example: Maximise the minimum amount of data gathered
from each sensor; each relay has a limited battery capacity

I . 9
maximise min { O’\B

X1, X2 + Xa,

7
X3 + X5 + X7, 5

Xe + Xg, X
6 8 9 5
} 4
subjectto X; + X, +x3 < 1, 3
X4+X5+X6S17 2
X7+ Xg+Xg < 1, 1

X1,X2, ..., Xg >0
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Max-min linear program

Example: Maximise the minimum amount of data gathered
from each sensor; each relay has a limited battery capacity

An optimal solution: Q—\g
8

X1 = X5 = Xg = 3/5, 7
X2 = Xg = 2/5, 6

X4 = Xg = 1/5, 5

Xz =X7=0 4

3
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Max-min linear program

Communication graph:  §= (VUIUK,E)

k eK VeV
maximise min {
X1, X2 + Xa,
X3 + X5 + X7,
Xs + Xg, Xo
}
subjectto x; + X, + X3 < 1,
X4+ X5 +Xg < 1,
X7 +Xg +Xg < 1,
X1, X2, .., Xg > 0
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Max-min linear program

Communication graph:  §= (VUIUK,E)

k eK VeV
maximise min {
X1, X2 4 Xa,
X3 + X5 + X7,
Xs + Xg, Xo
}
subjectto X; + Xz + X3 < 1,
X4 + X5 + X < 1,
X7 +Xg +Xg < 1,
X1,X2,...,%X >0
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Max-min linear program

Communication graph:  §= (VUIUK,E)

k € K VeV
maximise min {
X1, X2 + Xa,
X3 + X5 + X7,
Xs + Xg, Xo
}
subjectto x; + X, + X3 < 1,
X4+ X5 +Xg < 1,
X7 +Xg +Xg < 1,
X1,X2,...,%X >0
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Max-min linear program

Communication graph:  §= (VUIUK,E)

keK VeV

Key parameters: il

A; = max. degree of i € |
Ay = max. degree of k € K

Problem is bipartite if
each v €V adjacent to
exactly onei € I and
exactly one k € K
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Old results

“Safe algorithm™:

Node v chooses

. 1
Xy = min
Y a0 ay |{u:ay > 0}

(Papadimitriou and Yannakakis 1993)
Factor A, approximation
Uses information only in radius 1 neighbourhood of v

A better approximation ratio with a larger radius?
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New results: bipartite problems

The safe algorithm is factor A, approximation

For any € > 0, there is a local algorithm for bipartite
max-min LPs with approximation ratio A, (1 — 1/Ag) + €

There is no local algorithm for bipartite
max-min LPs with approximation ratio A, (1 —1/Ag)

Degree of a constrainti € | is at most A,
Degree of an objective k € K is at most Ak
Bipartite: each v € V adjacenttoonei € 1 and one k € K
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New results: bounded growth

Assume bounded relative growth beyond radius R:

B(v,r+2)|

<1496 forallveV,r >R
B(v,r)]

where B(v,r) = agents in radius r neighbourhood of v

There is a local algorithm for max-min LPs with
approximation ratio 1 + 26 + 0o(9) (Floréen et al. 2008)

There is no local algorithm for max-min LPs
with approximation ratio 1 + §/2
(assuming A > 3, A >3,0.0< 9 <0.1)
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Inapproximability

Regular high-girth graph or regular tree?
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Inapproximability

Locally indistinguishable
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Inapproximability

Optimum < 2/3 vs. optimum > 1
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Inapproximability

Approx. ratio > 1/(2/3) =3(1—-1/2) = A (1 - 1/A)
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Approximability

Step 1: Unfold the graph into an infinite tree

b

a a C q .
c b c a b a

T ¢ b b ap d b

a a d Cc Cc d C

b bod 4 ¢ a b ba

Step 2: Regularise the tree:
each constrainti € | has degree exactly A, etc.

Step 3: Construct local subproblems,
solve them optimally, take averages
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Summary

Max-min linear programs: given A, cx > 0,
maximise minc, x
kek
subjectto Ax <1, x >0

Local algorithms: output of a node is a function of input
within its constant-radius neighbourhood

Results:

» Bipartite max-min LPs: tight upper and lower bound

» Bounded relative growth: near-tight lower bound

http://www.hiit.filfada/geru — jukka.suomela@cs.helsinki.fi

21/21



References

P. Floréen, P. Kaski, T. Musto, and J. Suomela (2008).
Approximating max-min linear programs with local algorithms.
Proc. IPDPS 2008. [DOI]

P. Floréen, M. Hassinen, P. Kaski, and J. Suomela (2008b).
Tight local approximation results for max-min linear programs.
Proc. Algosensors 2008.

N. Linial (1992). Locality in distributed graph algorithms.
SIAM Journal on Computing, 21(1):193-201. [DOI]

M. Naor and L. Stockmeyer (1995). What can be computed locally?
SIAM Journal on Computing, 24(6):1259-1277. [DOI]

C. H. Papadimitriou and M. Yannakakis (1993).
Linear programming without the matrix.
Proc. STOC 1993. [DOI]


http://dx.doi.org/10.1109/IPDPS.2008.4536235
http://dx.doi.org/10.1137/0221015
http://dx.doi.org/10.1137/S0097539793254571
http://dx.doi.org/10.1145/167088.167127

	Cover page
	Local algorithms
	Max-min linear program
	Old results
	New results
	Inapproximability
	Approximability
	Summary
	References

