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Abstract. We consider the problem of finding dense subgraphs with
specified upper or lower bounds on the number of vertices. We intro-
duce two optimization problems: the densest at-least-k-subgraph prob-
lem (dalks), which is to find an induced subgraph of highest average
degree among all subgraphs with at least k vertices, and the densest
at-most-k-subgraph problem (damks), which is defined similarly. These
problems are relaxed versions of the well-known densest k-subgraph prob-
lem (dks), which is to find the densest subgraph with exactly k vertices.
Our main result is that dalks can be approximated efficiently, even for
web-scale graphs. We give a (1/3)-approximation algorithm for dalks
that is based on the core decomposition of a graph, and that runs in
time O(m + n), where n is the number of nodes and m is the number of
edges. In contrast, we show that damks is nearly as hard to approximate
as the densest k-subgraph problem, for which no good approximation
algorithm is known. In particular, we show that if there exists a polyno-
mial time approximation algorithm for damks with approximation ratio
v, then there is a polynomial time approximation algorithm for dks with
approximation ratio /8. In the experimental section, we test the algo-
rithm for dalks on large publicly available web graphs. We observe that,
in addition to producing near-optimal solutions for dalks, the algorithm
also produces near-optimal solutions for dks for nearly all values of k.

1 Introduction

The density of an induced subgraph is the number of edges contained in the
subgraph, divided by the number of vertices. Identifying subgraphs with high
density is a useful primitive, which has been applied to find web communities,
produce compressed representations of graphs, and identify link spam [QT41208].
Effective heuristics have been developed to identify various kinds of dense
subgraphs. Kumar et al. gave an algorithm for finding bipartite cliques [20].
Dourisboure et al. gave a scalable heuristic for finding small dense communities in
web graphs [9]. The algorithm of Gibson et al. [I4] finds dense communities using
two-level min-hashing, with the goal of identifying link spam. Generally speaking,
these algorithms are designed to find collections of small dense subgraphs that
are isolated from each other, which are often viewed as the dense centers of
communities in the graph. This is quite different from the task of finding a
single large dense subgraph that contains a significant fraction of the graph,
which is often used as a method of preprocessing or subsampling the graph.
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The complexity of identifying dense subgraphs can vary greatly when addi-
tional constraints on the size of the subgraph are introduced. Finding the densest
subgraph with an arbitrary number of vertices is known as the densest subgraph
problem ds, and can be solved exactly in polynomial time by solving a sequence
of maximum flow problems [I5/13]. The algorithm of Kortsarz and Peleg [I§]
produces a (1/2)-approximation of the densest subgraph in linear time, which
is useful for graphs where the time required to compute maximum flows is pro-
hibitively large. In contrast, no efficient algorithm is known for the problem of
finding the densest subgraph with exactly k vertices, where k is specified as part
of the input. This is the densest k-subgraph problem, or dks. The dks problem
is A"P-complete, and the best polynomial time algorithm known for dks (due to
Feige, Peleg, and Kortsarz) has the approximation ratio n~(*/3)+% for a small
constant ¢ [11].

We want to control the size of the dense subgraphs we find, but we need to
avoid the difficult task of finding dense subgraphs of a specified size. In this paper,
we address this problem by introducing two variations of the densest subgraph
problem: finding the densest subgraph with at least k vertices, and finding the
densest subgraph with at most k vertices. We refer to these as the densest at-
least-k-subgraph problem (dalks), and the densest at-most-k-subgraph problem
(damks). These two relaxed versions of the densest k-subgraph problem roughly
correspond to the two types of applications for dense subgraphs described earlier;
for finding communities one would want an algorithm to solve damks, and for
preprocessing a graph one would want an algorithm for dalks. Our main result
is to show that dalks can be solved efficiently, while damks is nearly as hard to
approximate as dks. In Section[3] we introduce a (1/3)-approximation algorithm
for dalks that runs in time O(m + n) in an unweighted graph. In Section [ we
prove a reduction that shows any polynomial time y-approximation algorithm for
damks can be used to design a polynomial time (72 /8)-approximation algorithm
for dks.

Our algorithm for dalks is based on the core decomposition, and it can be viewed
as a generalization of Kortsarz and Peleg’s (1/2)-approximation algorithm for dens-
est subgraph problem [I8]. The core decomposition was first introduced as a tool
for social network analysis [19]. It has been used in several applications, including
graph drawing [2] and the analysis of biological networks [21].

In Section [Bl we present experimental results for dalks on publicly available
webgraphs. We demonstrate that the algorithm finds subgraphs with nearly
optimal density while providing considerable control over the subgraph size.
Surprisingly, we observe that on typical web graphs, the algorithm also produces
a good approximation of the densest subgraph on exactly k vertices, for nearly
all values of k. In Section Bl we describe theoretical results that help to explain
this observation. We introduce two graph parameters based on the density of the
graph’s cores. Given these parameters, we prove bounds on the range of k for
which our algorithm produces a good approximation for the densest k-subgraph
problem.
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1.1 Related Work

Here we survey results on the complexity of the densest k-subgraph problem.
The best approximation algorithm known for the general problem (when k is
specified as part of the input) is the algorithm of Feige, Peleg, and Kortsarz [11],
which has approximation ratio O(rf(l/?’)““s)7 for a small constant § > 0. For any
particular value of k, the greedy algorithm of Asahiro et al. [6] gives the ratio
O(k/n). Algorithms based on linear programming and semidefinite programming
have produced approximation ratios better than O(k/n) for certain values of k,
but do not improve the approximation ratio for the general case [T2/10].

Feige and Seltser [12] showed that dks is NP-complete when restricted to
bipartite graphs of maximum degree 3, by a reduction from max-clique. This
reduction does not produce a hardness of approximation result for dks. In fact,
they showed that if a graph contains a k-clique, then a subgraph with k vertices
and (1 — e)(g) edges can be found in subexponential time. Khot [I7] proved
there can be no PTAS (polynomial time approximation scheme) for the densest
k-subgraph problem, under a reasonable complexity assumption. Arora, Karger,
and Karpinski [4] gave a PTAS for the special case k = 2(n) and m = 2(n?).
Asahiro, Hassin, and Iwama [5] showed that the problem is still N’P-complete
for very sparse graphs.

Kannan and Vinay [16] introduced a different objective function for density,
which is defined for a pair of vertex subsets S and T rather than a single sub-
graph. They gave an O(logn)-approximation for this objective function using
spectral techniques. Charikar [7] later gave a linear time (1/2)-approximation al-
gorithm for this objective function, based on the core decomposition, and showed
that the problem can be solved exactly by linear programming. A local algorithm
for finding small subgraphs with high density according to the Kannan-Vinay
objective function was described in [3].

2 Definitions

Let G = (V, E) be an undirected graph with a weight function w : E — R that
assigns a positive weight to each edge. The weighted degree w(v, G) is the sum
of the weights of the edges in G incident with v. The total weight W(G) is the
sum of the weights of the edges in G.

Definition 1. For any induced subgraph H of G, the density d(H) of H is
W(H)

H|
Definition 2. For an undirected graph G, we define the following quantities.

d(H) :=

D, (G, k) := the mazimum density of any induced subgraph of G with at least
kvertices.
Do (G, k) := the mazimum density of any induced subgraph of G with at most

kvertices.
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D¢ (G, k) := the mazimum density of any induced subgraph of G with exactly
kvertices.

Doz (G) = the mazimum density of any induced subgraph of G.

The densest at-least-k-subgraph problem (dalks) is to find an induced subgraph
with at least k vertices achieving density D (G, k). Similarly, the densest at-
most-k-subgraph problem (damks) is to find an induced subgraph with at most
k vertices achieving density Dg,, (G, k). The densest k-subgraph problem (dks)
is to find an induced subgraph with exactly k vertices achieving D.,(G, k), and
the densest subgraph problem (ds) is to find an induced subgraph of any size
achieving Dyq.(G).

We now define what it means to be an approximation algorithm for dalks.
Approximation algorithms for damks, dks, and ds are defined similarly.

Definition 3. We say an algorithm A(G,k) is a ~y-approximation algorithm
for the densest at-least-k-subgraph problem if, for any graph G and integer k, it
returns an induced subgraph H C G with at least k vertices and density d(H) >
'yDal(Ga k)

3 Finding Dense Subgraphs with at Least k Vertices

In this section, we describe an algorithm FindLargeDenseSubgraph that is a
(1/3)-approximation algorithm for the densest at-least-k-subgraph problem and
that runs in time O(m + n) in an unweighted graph. The algorithm is described
in Table [II The main step of the algorithm computes the core decomposition
of the graph using a well-known greedy procedure (see [I8[7I2]). This produces
an ordering (vy,...,v,) of the vertices of the graph, after which the algorithm
outputs a subgraphs of the form {v1,...,v;}. Kortsarz and Peleg [I8] used the
core decomposition to give a (1/2)-approximation algorithm for ds. Theorem [I]
extends their result to show that the core decomposition can be used to approx-
imate dalks.

Theorem 1. FindLargeDenseSubgraph(G, k) is a (1/3)-approzimation algo-
rithm for the densest at-least-k-subgraph problem.

The proof of Theorem [l is in Section [311

The core decomposition procedure, which dominates the running time of
FindLargeDenseSubgraph, can be implemented to run in time O(m + n) in
an unweighted graph and O(m + nlogn) in a weighted graph. For a proof, we
refer the reader to [I8]. This implies the following proposition.

Proposition 1. The running time of FindLargeDenseSubgraph(G, k) is O(m+
n) in an unweighted graph, and O(m + nlogn) in a weighted graph.
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FindLargeDenseSubgraph(G, k) :
Input: a graph G with n vertices, and an integer k.
Output: an induced subgraph of G with at least k vertices.

1. Compute the core decomposition of G:
Let H,, = G and repeat the following for i =n,..., 1,
(a) Let r; be the minimum weighted degree of any vertex in H;.
(b) Let v; be a vertex of minimum weighted degree, where w(v;, H;) = ;.
(¢) Remove v; from H; to form the induced subgraph H;_;.
(d) Update the values of W (H;) and d(H;) as follows,

W(HZ'_1) = W(Hz) — 27’7,'7

d(Hi—1) = W(Hi—1)/(i —1).

Note that part 1 produces an ordering of the vertices v1,...,v,, where v is
the last vertex removed and v, is the first. The set H; consists of the vertices
{Ul, e ,’Uz‘}.

2. Output the subgraph H; with the largest density d(H;) over all 1 > k.

Fig. 1. Description of FindLargeDenseSubgraph

3.1 Analysis of the Algorithm

To analyze FindLargeDenseSubgraph, we consider the relationship between in-
duced subgraphs of G with high average degree (dense subgraphs) and induced
subgraphs of G with high minimum degree (w-cores).

Definition 4. Given a graph G and a weight w € R, the w-core C,,(G) is the
unique largest induced subgraph of G with minimum weighted degree at least w.

Here is an outline of how we will proceed. We first show that the
FindLargeDenseSubgraph algorithm computes all the w-cores of G (Lemmal/[I).
We then show that for any induced subgraph H of G with density d, the (2d/3)-
core of G has total weight at least W (H)/3 (Lemma [2). We prove Theorem [II
using these two lemmas.

Lemma 1. Let {Hy,...,H,}, and {r1,...,rn} be the induced subgraphs and
weighted degrees determined by the algorithm FindLargeDenseSubgraph on the
input graph G. For any w € R, let I(w) be the largest index such that 77, > w.
Then, Hrwy = Cw(G). In other words, every w-core of G is equal to one of the
subgraphs H;.

Proof. Fix a value of w. It easy to see (by induction) that none of the vertices
Un - .- Vr(w)+1 that were removed before vy, can be contained in an induced
subgraph with minimum degree at least w. That implies Cy,(G) € Hj(,. On
the other hand, the minimum degree of Hy(,) is at least w, so Hy(,) € Cyw(G).
Therefore, Hy(,) = Cw(G). O
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Lemma 2. For any graph G with n nodes, total weight W, and density d =
W/n, the d-core of G is nonempty. Furthermore, for any o € [0,1], the total
weight of the (ad)-core of G is strictly greater than (1 — a)W.

Proof. Let {Hy,...,H,} be the induced subgraphs determined by
FindLargeDenseSubgraph on the input graph G. Fix a value of w, and let
I(w) be the largest index such that 7;(,) > w. Recall that Hy,) = Cuw(G)
by Lemma [Il Since each edge in G is removed once during the course of the
algorithm,

W = i?’i
I(w

S
i=I(w)+1

< W(Hpw)) +w- (n—I(w))

<W(Cw(@)) +w-n.

Therefore,
W(Cyw(G)) >W —w-n.

Taking w = d = W/n in the equation above, we learn that W (Cq(G)) > 0.
Taking w = ad = aW/n, we learn that W(Coq(G)) > (1 — a)W. 0

Proof (Theorem ). Let {H1, ..., H,} be the induced subgraphs computed by
FindLargeDenseSubgraph on the input graph G. It suffices to show that for any
k, there is an integer I € [k, n| satisfying d(H;) > Dq (G, k)/3.

Let H,. be an induced subgraph of G with at least k vertices and with density
d., = W(H,)/|Hs| = Da(G,k). We apply Lemma Pl to H, with a = 2/3 to
show that C(a4, /3)(H«) has total weight at least W (H.)/3. This implies that
C (24, 3)(G) has total weight at least W (H.,)/3.

The core C(24, /3)(G) has minimum degree at least 2d./3, so its density is at
least d. /3. Lemma [l shows Claq, /3)(G) = Hyp, for I = [Ciaq, /3)(G)|. If I >k,
then H satisfies the requirements of the theorem. If I < k, then C(a4, /3)(G) =
Hjy is contained in Hy, and the following calculation shows that Hy satisfies the
requirements of the theorem.

W (H

W (Hy) < W(C(aq, /3)(G)) > «)/3 /3. -

dHp)= " 2 5 f
We remark that our analysis of FindLargeDenseSubgraph is a gener-
alization of the result of Kortsarz-Peleg [I8]. Their result shows that
FindLargeDenseSubgraph(G, 1) is a (1/2)-approximation algorithm for ds. This
follows from the fact that if w = Dy, (G), then the w-core of G is nonempty,
which is a special case of Lemma
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4 Finding Dense Subgraphs with at Most k Vertices

The densest at-most-k-subgraph problem is N"P-complete by a reduction to the
max-clique problem, since a subgraph of size at most k has density at least
(k—1)/2 if and only if it is a k-clique. Feige and Seltser [12] proved that the
densest k-subgraph problem is N'P-complete even when restricted to graphs with
maximum degree 3, and their proof implies that the densest at-most-k-subgraph
problem is N'P-complete when restricted to the same class of graphs.

In this section, we show that damks is nearly as hard to approximate as dks.
We show that if there exists a polynomial time pseudo-approzimation algorithm
for damks, which outputs a set of at most 3k vertices with density at least y times
the density of the densest subgraph with at most k vertices, then there exists
a polynomial time approximation algorithm for dks with ratio v min(vy, 371)/8.
As an immediate consequence, a polynomial time y-approximation algorithm for
damks would imply a polynomial time (y2/8)-approximation algorithm for dks.

Definition 5. An algorithm A(G,k) is a (8,7)-algorithm for the densest at-
most-k-subgraph problem if for any input graph G and integer k, it returns an
induced subgraph of G with at most Ok wvertices and density at least yDgum (G, k).

Theorem 2. If there is a polynomial time (B3,~)-algorithm for the densest at-
most-k-subgraph problem (where 8 > 1 and v < 1), then there is a polyno-
mial time (ymin(vy, 371)/8)-approzimation algorithm for the densest k-subgraph
problem.

Proof. Assume there exists a polynomial time algorithm A(G, k) that is (5, )-
algorithm for damks. We will now describe a polynomial time approximation
algorithm for dks.

Given as input a graph G and integer k, let G; = G, let i = 1, and repeat the
following procedure. Let H; = A(G;, k) be an induced subgraph of G; with at
most Sk vertices and with density at least yDgm, (G, k). Remove all the edges
in H; from G; to form a new graph G;41 on the same vertex set as G. Repeat
this procedure until all edges have been removed from G.

Let n; be the number of vertices in H;, let W; = W(H;), and let d; = d(H;) =
W;/n;. Let H, be an induced subgraph of G with exactly k vertices and density
d. = Deg(G, k). Notice that if (W1 + -+ Wi_1) < W(H,)/2, then d; > vd. /2.
This is true because d; is at least v times the density of the induced subgraph
of Gy on the vertex set of H,, which is at least

W(H) — Wy + -+ W) S W(H.) _ d.
k - 2k 2
Let T be the smallest integer such that (Wi +---+Wr) > W(H,)/2, and let

Ur be the induced subgraph on the union of the vertex sets of Hy, ..., Hp. The
total weight W (Ur) is at least W (H,)/2. The density of Ur is

W(UT)>W1+---+WT> W d.,

d(Ur) = > .
(Ur) [Ur| = ni+---+nr _12?T ny =79
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To bound the number of vertices in Ur, notice that (ny +---+np_1) < vk,
because

T-1 T-1 T-1
d;k _ W(2H*) > ZWl _ Znidi > 7612* an
i=1 i=1 i=1

Since nr is at most Bk, we have |Ur| < (n1 + - +nr) < (v~ + B)k.
There are now two cases to consider. If |[Up| < k, then we pad Up with
arbitrary vertices to form a set U/ of size exactly k. The set U7, is still sufficiently

dense:
W(H,)/2 d.
d(Ur) > = .
)z =

If |Ur| > k, then we employ a simple greedy procedure to reduce the number
of vertices. We begin with the induced subgraph Uy, greedily remove the vertex
with smallest degree to obtain a smaller subgraph, and repeat until exactly k
vertices remain. The resulting subgraph UY has density at least d(Ur)(k/2|Ur|)
by the method of conditional expectations (this technique was also used in [I1]).
The set U7, is sufficiently dense:

" k d k _ v
d(Ur) > d(UT)Q‘UT‘ > 9 (2( )k) = d*4(

Y+ 1+ B)

¥ v min(y,371)
>d, —d, . 0
— 8max(y,B) 8

5 Finding Dense Subgraphs of Specified Size

The previous section shows that the densest at-least-k subgraph problem is easy
to approximate within a constant factor for any graph and any value of k. The
densest k-subgraph problem seems hard to approximate well in the worst case,
but we may still be able to find near-optimal solutions for specific instances. In
this section we describe a method for identifying a range of k-values for which
we can obtain a good approximation of the densest k-subgraph.

Here is an outline of our approach. We first define a graph parameter k. (G) €
[1,n]. We then prove that for all k > k., the algorithm FindLargeDenseSubgraph
can be used to find a (1/3)-approximation of the densest subgraph with exactly
k vertices. In Section [6] we observe empirically that for several example web
graphs, the value of k, is only a small fraction of n.

Definition 6. For a given graph G, let w, be the smallest value such that the
average degree of the core C(wy) is less than 2w,. Let k.(G) = |C(w.)| be the
number of vertices in that core.

Roughly speaking, k. describes how small a core of the graph must be before it
can be nearly degree-regular. The following theorem shows that for every k > k.,
the set Hj produced by FindLargeDenseSubgraph has density at least 1/3 of
the densest k-subgraph.
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Theorem 3. Let {vi,...,v,} be the ordering of the wvertices produced by
FindLargeDenseSubgraph, and let Hy, = {vi,...,vx}. Then, for any k > k.
we have d(Hy) > (1/3)Deq(G, k).

Proof. We will first show the following;:
d(Hp41) < d(Hy) for all k > k.. (1)

Once we show this, then for any k > k., we have

1Deq(k).

1
d@h)=g§gH523Dﬂ%)23

The middle step follows from the approximation guarantee proved in Theorem Il

To prove (), it suffices to take an arbitrary value of w for which |Cy| > k., and
show that d(H;_1) > d(H;) for all j in the interval (|Cy1|,|Cwl|]. We prove this
by induction, first assuming d(H;) > d(Cy,) and then proving d(H;_1) > d(Cy).
Recall that r(j) is the degree of v; in Hj. Then,

j—1 Jj-1

Here we used the fact that 2r(j) < d(H;). This is true because r(j) < w, our
assumption that |Cy,| > k. implies w < d(Cy)/2, and our induction assumption
implies d(Cy,)/2 < d(H;)/2. |

When k < k. the previous theorem doesn’t apply, but we can still bound the
ratio between d(Hy) and the optimal density D¢y (k). The following bound holds
for any k € [1,n], and can be computed easily by observing the densities of the
sets Hy,...,H,.

Lemma 3. Let R, = max;j>j gggi; For any wvalue of k, we have d(Hy) >
5 Deq(G k).

Proof. For any value of k, we have

Ry,

Y Dak) > B

d(Hy) = Ry Eglzagcd(ﬂj) > E

D.q(E).

The middle step follows from the approximation guarantee proved in
Theorem [I1 O

We remark that to prove Theorem [3, we showed that Ry = 1 for all k > k,. In
the next section we will compute the values of k. and Ry for several example
graphs.

6 Experiments

In this section we present experimental results on four example graphs. The
graphs and their sizes are listed in Table [[l Three of these graphs are publicly
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Table 1. Graph size, running time, and the observed value of k.

graph num nodes (n) total degree (2m) running time (sec) Kk
domain-2006 55,554,153 1,067,392,106 263.81 9,445
webbase-2001 118,142,156 1,985,689,782 204.573 48,190
uk-2005 39,459,926 1,842,690,156 92.271 368,741
cnr-2000 325,558 6,257,420 0.359 13,237

Table 2. Attributes of the densest core, highest core, and w. core in the four test
graphs

graph core number nodes in core density = worst Ry
w |Cw| d(C’w) manz‘cw‘ Rk

domain-2006

Wy CcoOTe 1099 9445 2196.32 1
densest core 1203 4737 2275.96 .9694
highest core 1298 2502 2072.42 9104
webbase-2001

Wy COre 548 48190 1089.42 1
densest core 2281 1219 2436 .8547
highest core 2281 1219 2436 .8547

uk-2005

Ws core 258 368741 515.851 1
densest core 1002 587 1171.98 .8871
highest core 1002 587 1171.98 .8871

cnr-2000

W, core 38 13237 75.1145 1
densest core 116 82 161.976 .9138
highest core 116 82 161.976 9138

available webgraphs from the Laboratory for Web Algorithmic at the Univerita
Degli Studi Di Milano. The graph webbase-2001 was obtained from the 2001
crawl performed by the WebBase crawler. The graph uk-2005 was obtained from
a 2005 crawl of the .uk domain, performed by UbiCrawler. The graph cnr-2000
was obtained from a small crawl of the Italian CNR domain. These graphs were
chosen because they are fairly large, easy to obtain, and have been used in
previous research papers. The remaining graph domain-2006 is a snapshot of
the domain graph in September 2006, from Microsoft.

These were originally directed graphs, but we have treated them as undirected
graphs in the following way. We consider a directed link from a vertex u to a
vertex v as an undirected link between u and v. We remark that there will be a
link with multiplicity 2 between u and v in this undirected graph if both (u,v)
and (v,u) appeared in the original directed graph. For this reason, the average
degree of a subgraph on k vertices may be as large as 2(k — 1). In addition, we

! http://law.dsi.unimi.it/
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Fig. 2. Plots of core size versus core number and core density in four webgraphs

removed all self-loops from the graphs. The total degrees reported in Table [I]
were computed after these modifications were made.

In Table [l we report running times for our implementation of FindLarge
DenseSubgraph. We implemented the algorithm in C++, and ran our exper-
iments on a single machine with 64GB of RAM and a 3.0Ghz quad-core Intel
Xeon processor. Only one of the processor cores was used by the algorithm. The
time we report is the time required to compute the core decomposition, which
produces an ordering of all vertices in the graph. The running time does not
include the time required to load the graph from disk into memory.

We also report in Table[D the values of k. for each of these graphs. We observe
that k. is small compared to the number of vertices in the graph, which is good
because our algorithm produces a good approximation of the densest k-subgraph
for all k larger than k.. In Table 2] we report statistics for three special cores in
each of the example graphs. We report the w,-core (see Definition [B]), which is
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the core that determines the value of k.. We report the core that has the highest
density (densest core), and we also report the highest value of w for which the
w-core is nonempty (highest core). Note that these last two are not the same
in general, but they end up being the same for three of our example graphs.
For each of these special cores we report the w-value of the core, the number of
vertices in the core, and the density of the core.

For each of the cores in Table[2we also report a statistic regarding the quantity
R;. described in Lemma Bl For each core C,, we report “worst R;”, which we
define to be the smallest value of Ry over all values of k& > |C,|. The table
indicates that “worst Ry” is close to 1 for the highest core, which means we can
approximate dks well for all values of k above the size of the highest core. For
example, in the graph domain-2006, the highest core contains 2502 nodes and
has a value of .9104 for worst Rj. That means for all values of & > 2502, the set
Hj;, produced by FindLargeDenseSubgraph on domain-2006 is within a factor of
.9104 % 1/3 of the densest subgraph on exactly k vertices, by Lemma 3

Figure [2] contains a plot for each of the four webgraphs that shows the size,
core number, and density of all of the graph’s cores. Each of the plots in the
figure has two curves. Each point on the curve represents a w-core. One curve
shows the core number, the other shows the density of the core, and both are
plotted against the number of vertices in the core. The value of k, can be seen
from these plots; it is the a-coordinate of the first point (from right to left) at
which these two curves intersect.
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