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Abstract. In this article, we study the scale-dependent dimensionality
properties and overall structure of text data with a method that mea-
sures correlation dimension in different scales. As experimental results,
we present the analysis of text data sets with the Reuters and Europarl
corpora, which are also compared to artificially generated point sets. A
comparison is also made with speech data. The results reflect some of the
typical properties of the data and the use of our method in improving
various data analysis applications is discussed.
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1 Introduction

Knowing the intrinsic dimensionality of a data set can be a benefit, for instance,
when deciding the parameters of a dimension reduction method. One popular
technique for determining the intrinsic dimensionality of a finite data set is
calculating its correlation dimension, which is a fractal dimension. This is usually
done according to the method introduced by Grassberger and Procaccia in [1].
Usually the goal in these dimensionality calculations is to characterise a data
set by a single statistic. Not much emphasis is always put to the notion of the
dependence of correlation dimension on the scale of observation. However, as
we will show, the scale-dependent dimensionality properties can vary between
different data sets according to the nature of the data. Most neural network and
statistical methods such as singular value decomposition or the self-organising
map are usually applied without considering this fact. Even in papers studying
dimensionality calculation methods (e.g. [2] and [3]) the scale-dependence of
dimensionality is noted, but usually left without further discussion.

We focus on natural language data. It has been observed that the intrinsic
dimensionality of text data, such as term-document matrices, is often much
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lower than the dimensionality of the original data space due to its sparseness
and correlation in the data. In addition to term-document matrices, we also
consider speech data and data about co-occurences of words inside the same
sentence, which is another approach of encoding semantic information in text.

In a research closely related to ours, [4] studies the local dimensionality of a
word space concluding that the small-scale dimensionality is very low compared
to the dimensionality of the data space. In that paper, the word space was built
with the random indexing method, whereas we use a more standard setting. In
[5] a method for calculating dimensionality is presented and the effect of different
term-weighting methods on the dimensionality estimates is studied. Also in [6]
dimensionality calculations were made for natural language data, in this case
partly with the same data sets that we use. For the calculations, they used a
modified version of a method originally proposed by [7] based on eigenvalue
information of the autocorrelation matrix of the data.

2 The Scale-Dependent Correlation Dimension

Correlation dimension can be measured for a finite data set {x1, . . . xN} ⊂ R
n

by the Grassberger-Procaccia (GP) algorithm [1]. First we define the correlation
sum C(r) as the probability of a randomly chosen pair of data points being
within distance r from each other:

C(r) =
2

N(N − 1)

N∑

i=1

N∑

j=i

I(ρ(xi, xj) < r),

where I(x) is the indicator function (i.e. 1, if the argument condition holds and 0
otherwise) and ρ is the metric. We will use the Euclidean distance as the metric.
In the usual implementation of the GP-algorithm the correlation dimension is
then defined as the slope of the linear segment in the plot of the correlation sum
C(r) against r in double logarithmic coordinates.

In other words, one first finds a scale [ri, rj ], where the loglog-plot of the
correlation sum appears linear and then computes the correlation dimension ν̂
as the logarithmic derivative on this interval:

ν̂ = ν̂(ri, rj) =
log(C(rj)/C(ri))

log(rj/ri)
.

However, instead of defining only one segment or scale [ri, rj ], the dimension-
ality of a data set can actually be measured scale-dependently by studying the
local derivatives with different r. For estimating these dimensionality curves,
we decided throughout the paper (after experimenting with different values) to
use 100 measuring points r1, . . . , r100, distributed logarithmically on the interval
[r1 = min ρ(xi, xj), r100 = max ρ(xi, xj)]. For illustration purposes, we use an
additional smoothing method by a simple triangular kernel of window length w.
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The window length then defines the width of the scale of observation. Thus we
can finally define the scale-dependent dimensionality of the data set as

ν(r) =
1

2w

i+w∑

j=i−w,
j �=i

ν̂(ri, rj), when r ∈ [ri, ri+1]. (1)

Again, after experimenting with different window lengths, we fixed the value at
w = 6 throughout the paper.

3 Experiments

3.1 Reuters

The first data set for experiments with the method presented above is a document
collection gathered from the Reuters corpus of news articles [8]. We took a subset
of the corpus consisting of 10 000 articles. The documents have been preprocessed
by removing stop words and reducing all words into their stems. The frequencies
of the subset’s 300 most frequent terms were counted for each article resulting in
a matrix of 10 000 vectors with dimensionality 300. As a common preprocessing
method, a term frequency–inverse document frequency or tf/idf –weighting [9]
was performed for the raw frequencies.

The dimensionality curve for the Reuters data set is shown in Figure 1(a). The
curve indicates some essential properties of a term-document matrix. Starting
from the large scale on the right end of the curve, the dimensionality starts
increasing from zero as the scale narrows down from the diameter of the data set.
It soon reaches a maximum value which would traditionally be interpreted as the
dimensionality of the set. For our 10 000 article subset of the Reuters collection
the dimensionality would thus be approximately ν(r) = 7.5. Continuing on to
smaller scales on the left of the maximum value, the dimensionality decreases
significantly.

10
0

10
1

0

1

2

3

4

5

6

7

8

r (log)

ν(
r)

(a)

10
−1

10
0

0

1

2

3

4

5

6

7

r (log)

ν(
r)

(b)

−4
−2

0
2

−4
−2

0
2

4

−4

−2

0

2

4

(c)

Fig. 1. The dimensionality curve of ν(r) for the Reuters data set (a), the data set
consisting of 200 3-D clusters with 40 points scattered in 20-D space (b) and the
illustration of 2-D clusters scattered in 3-D space
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The low values of ν(r) with small r mean that the data shows high auto-
correlation locally. We will simulate this kind of behaviour with an artificially
generated set of points that consists of low-dimensional clusters scattered in a
high-dimensional embedding space. This idea is illustrated in Figure 1(c), which
shows 2-dimensional clusters scattered in 3-dimensional space. Our example data
set contains 200 subsets of 40 points from uniform distribution in a 3-dimensional
unit cube. These 200 clusters are each rotated by a random rotating matrix and
then shifted by a randomly generated vector in a 20-dimensional embedding
space. The dimensionality curve for this data set is shown in Figure 1(b).

The high autocorrelation at small distances suggests that the documents dif-
fer only in the frequencies of a few different key terms from each other. This
phenomenon can cause problems with large document collections because there
is not enough information for making a detailed analysis of the collection. Thus
the dimensionality curve could possibly be used to evaluate the differentia-
bility of a word-document data set and to develop a better feature selection
method through a hierarchical clustering. For instance, expanding the feature
space within proper clusters with terms that are significant to the documents in
that cluster making the differentiation of the document vectors easier. Related
work has already been done in [10] and also in [11].

3.2 ISOLET

To contrast the shape of the dimensionality curve for text data we will use the
ISOLET speech data set [12]. It consists of 7797 samples of spoken English
letters of which 617 acoustic features were measured resulting in 7797 vectors in
617-dimensional space. The dimensionality curve is shown in Figure 2(a)1. One
can interpret a part with linear behaviour in the correlation integral in the scale
between r = 4.7 and r = 6.8, where we get a rough estimate of ν(r) = 13.3.

An interesting feature of the ISOLET data set dimensionality curve is in the
small scale where the dimensionality value seems to explode. This explosion is
caused by the noise in the acoustic speech data which produces variance in small
scale in all the noisy feature components of the embedding space. Again we use
an artificially generated data set to support this observation. Figure 2(b) shows
the dimensionality curve of a data set consisting of 8 000 random points from
the 3-dimensional unit hypercube to which 20-dimensional Gaussian white noise
with a variance of 10−3 has been added.

Figures 1(b) and 2(b) can now be compared to each other. The sets repre-
sented by the curves differ quite a lot in their scale-dependent dimensionalities,
but show also similarity in dimensionalities in certain scales. In the extreme
case, a bad method or a careless examination could lead to an interpretation of
the sets having the same dimensionality. This again supports the significance of
investigating dimensionality properties of data sets in several scales.

1 Here we omitted the smallest point-pair distance from further analysis as it was
several magnitudes smaller than the rest of the distances forcing the curve to drop
to zero at the left end.
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Fig. 2. ν(r) for the ISOLET data set (a), the 3-D data set with 20-D Gaussian white
noise (b) and for the English (solid line) and Finnish (dashed line) Europarl data
sets (c)

3.3 Europarl

The Europarl corpus version 3 contains the minutes from the sessions of the EU
parliament from the years 1997-2006 in 11 languages [13]. We used it to study
dimensionality properties of word co-occurence data. Only the results of experi-
ments conducted with the English and Finnish parts of the corpus are presented
here. We used a subset of the corpus containing the sessions of 591 days that
were recorded for both languages. Both of the subsets were preprocessed by first
removing the XML-tagging used in the files, then applying sentence boundary
detection, tokenization and removal of punctuation and special characters.

The data matrix had the 1 000 most frequent words as the term vectors and
the 20 000 most frequent words as the context features. For the elements of the
matrix, we counted the frequencies of each term and feature word occuring in
the same sentence. Finally, we took the logarithm of the frequencies increased
by one as is done in the tf/idf -method, however preserving the frequency rank
information in this case.

The dimensionality curves for the English and Finnish Europarl data sets are
shown in Figure 2(c). The overall shape of both curves looks the same. The long
and thin right tails imply that some of the 1 000 data points in both sets are
spread very far from the others and also that there are large scale correlations
in the data. However, the sharp peak in both curves shows that the interpoint
distances are concentrated on a narrow scale causing rather high dimensionality
estimates in both cases. The peak dimensionality values are 35.9 for English and
38.1 for Finnish. On the left of the peak value, the dimensionality curves both
descend showing low-dimensionality in small scales for both data sets. However,
this effect is not as pronounced as with the Reuters data set because of the
shortness of the left tail in both curves. One more thing worth noting is the
different positioning of the curves on the horizontal axis. Further experiments,
not reported here, suggest that the location of the peak value on the horizontal
axis correlates highly with the average sentence length in words of the language,
but also the word type/token ratio may have an impact on this phenomenon.
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4 Conclusions and Discussion

We have presented a method for observing the scale-dependent dimensionality
of a finite data set based on the Grassberger-Procaccia algorithm. The dimen-
sionality curves obtained with our method give interesting information about
the structure of the data set and show some typical characteristics of the phe-
nomenon causing the data. We illustrated the method with natural language
data and artificially generated data discussing its indications and benefits.

The relevance of scale-dependent dimensionality for dimensionality reduction,
clustering and other data analysis methods seems to be an interesting topic for
future research, which, according to our knowledge, has not received much atten-
tion before. Also the reliability of the GP-algorithm, as used in our study, needs
to be studied more. An additional interesting question is how different data anal-
ysis methods respond to scale invariance or self-similarity (or the lack of them)
in a data set. These ideas and questions will get the authors’ attention in future
investigations and also serve as the motivation to the whole content of this article.
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