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Abstract: This paper studies the identification and modetigtive control in nonlin-
ear state-space models. Nonlinearities are modelled vatlrah networks and system
identification is done with variational Bayesian learnitg.addition to the robustness
of control, the stochastic approach allows for a novel airgicheme called optimistic
inference control. We study the speed and accuracy of thectmtrol schemes as well
as the effect of changing horizon lengths and initialisatioethods using a simulated
cart-pole systentCopyright(© 2006 IFAC
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1. INTRODUCTION investigation in (Bemporad et al., 2000) tells that ob-
servability and controllability properties of these sys-

Learning is extremely important for control of com- tems cannot be easily deduced.

plex systemsAstrom et al., 2001). Nonlinear control Recently, Rosenqvist and Karlgm (2005) presented

is difficult even in the case that the system dynamics a method for system identification and control in
are known. If the dynamics are not known, the tra- nonlinear state-space models. The nonlinearities are
ditional approach is to make a model of the dynam- modelled as piecewise linear (or affine). The system
ics (system identification) and then try to control the identification is based on the prediction error method.
simulated model (nonlinear model predictive control). In probability theory, this corresponds to a maxi-
The model learned from data is of course not perfect, mum likelihood estimate assuming a Gaussian process
but these imperfections are often ignored. The modernnoise. Our method continues this work by applying
view of control sees feedback as a tool for uncertainty more sophisticated methods from the machine learn-
management (Murray et al., 2003), but managing it ing community.

already in the modelling might have advantages. For

instance, the controller can avoid regions where theourI m.ethﬁl%:; CEO'C\?'I nolnlmegr Kdyr;]amlcal ;g((:)t;)r
confidence in model is not high enough (Kocijan et al., analysis ( ) by Valpola and rarhunen ( )
2003). is a state-of-the-art tool for finding nonlinear state-

space models with variational Bayesian learning. In
The idea of learning probabilistic nonlinear state- NDFA, the parameters, the states, and the observa-
space models for control is not new. The theory and tions are real-valued vectors that are modelled with
different phenomena are already well covered in (Bar- parametrised probability distributions. Uncertainties
Shalom, 1981). What has changed, though, is thefrom noisy observations and model imperfections are
range of models that can be used in practice, due tothus taken explicitly into account. Variational learning
developments in Bayesian learning theory and com-has many benefits compared to the maximum likeli-
puter performance. The issue remains challenging, i.e.



hood method. It is less prone to overfitting and can be Multilayer perceptron (MLP) networks (Haykin, 1999)
used for selecting the model structure, e.g. the dimen-suit well to modelling both strong and mild nonlinear-
sionality of the state space. ities. The MLP network models fdrandg are

An earlier version of our method is described in  g(x(t),0g) = x(t) + Btanh [Ax(t) +a] +b (3)
(Raiko and Tornio, 2005) from the neural-networks  f(x(t),8¢) = D tanh [Cx(t) + ¢] + d, (4)
point of view. At the time we could not reasonable ) ) ) o )
study the efficiency of the methods due to problems Where the sigmoidal tanh nonlinearity is applied
with the available inference algorithms. In this paper, COMPONent-wise to its argument vector. The param-

we use a novel algorithm (Raiko et al., 2006) tailored €t€rsé include: (1) the weight matricea ... D, the
for our purposes. bias vectorsa...d; (2) the parameters of the distri-

butions of the noise signale(t) and v(¢) and the
The rest of the paper is structured as follows: In Sec- column vectors of the weight matrices; (3) the hyper-
tion 2, the nonlinear state-space estimator is reviewedparameters describing the distributions of biases and
and in Section 3 its use as a controller is presented.the parameters in group (2).
After experiments in Section 4 matters are discussed

and concluded. There are infinitely many models that can explain any

given data. In Bayesian learning, all the possible ex-
planations are averaged weighting by their posterior

the states and the parameters after observing the data,

Selecting actions based on a state-space model insteag®Ntains all the relevant information about them. Vari-
of the observation directly has many benefits: Firstly, &ional Bayesian leaming is a way to approximate the

it is more resistant to noise (Raiko and Tornio, 2005) Posterior density by a parametric distributigix, 6).
because it implicitly involves filtering. Secondly, the 1he misfitis measured by the Kullback-Leibler diver-

observations (without history) do not always carry 9€NC€:

enough information about the system state. Thirdly, q(x,0)

when nonlinear dynamics are modelled by a function CkL = /q(x’ 9)log p(x.0] y>d0dx, ®)
approximator such as an multilayer perceptron (MLP) . . . .
network, a state-space model can find such a repre—:Eat 1S, tITe ;:rioseq |tsfto t?e true Bayesian posterior,
sentation of the state that it is more suitable for the "' SMaler the costiunction.

approximation and thus more predictable. The approximationy needs to be simple for mathe-
matical tractability and computational efficiency. Vari-
ables are assumed to depend of each other in the fol-
lowing way:

Nonlinear dynamical factor analysis (NDFA) (Valpola
and Karhunen, 2002) is a powerful tool for sys-
tem identification. It is based on a nonlinear state-
space model learned in a variational Bayesian setting. T m
NDFA scales only quadratically with the dimension-  (x,0) = [ [[ a(zi(t) | z:(t = 1)) [] a(6;), (6)
ality of the observation space, so it is also suitable t=14=1 J

for modelling systems with falrly hlgh dimensionality wherem is the dimensiona”ty of the state spage
(Valpola and Karhunen, 2002). Furthermoreg is assumed to be Gaussian. To sum-
marise, the distribution is parametrised by the means
and the variances of the unknown states and model
parameters, and covariances of consecutive state com-
ponents. The mean of a variable, saft), over the
distributiong is marked withE,, {x(t)}.

u(t) _ u(t - 1) 0 + V(t) (1) . . . .
x(t) | g x(t—1) |8 ) mferer;ce (or state es;mattlong_g;ppertlst by _adjuhstlng
e values corresponding to hidden stateg isuc
y(t) = £(x(t), 0¢) + w(t) @ that the cost functio@'xy, is minimised. Learning (or
where@ is a vector containing the model parameters system identification) happens by adjusting both the
and timet is discrete. The process noisét) and hidden states and the model parametergimnimis-
the measurement noise(t) are assumed to be inde- ing Ckr,. The same cost function can also be used for
pendent, Gaussian, and white. Only the observationsdetermining the model structure, e.g. the dimension-
y are known beforehand, and both the stateand ality of the state space. The NDFA package contains
the mappingd andg are learned from the data. In an iterative minimisation algorithm for that. A good
the context of system identification this model can initialisation and other measures are essential to avoid
be considered task-oriented identification because ofgetting stuck into a bad local minimum of the cost
its internal forward model to prediet(¢) (Raiko and  function. The standard initialisation for the learning
Tornio, 2005). Note that the uncertainty of the process is based on principal component analysis of the data
noise v(t) leaves the exact selection of the control augmented with embedding. Details can be found in
signalu(t) open. (Valpola and Karhunen, 2002).

In our model, the observation (or measurement) vector
y(t) is assumed to have been generated from the
hidden state vectax(t) driven by the controli(¢) by

the following generative model:



3. CONTROL SCHEMES Var {-} is the variance over the distributignThe two
terms are the nominal and stochastic part of the cost
In this section, two different control schemes are pre- function. There is a direct analogy with dual control
sented. First we describe nonlinear predictive control (Astrom and Wittenmark, 1995) which means balanc-
(NMPC) in variational Bayesian setting, and then the ing between good control and small estimation errors.

optimistic inference control (OIC) scheme. Different The usefulness of the decomposition is discussed in

strategies for generating control initialisations ar@als
explored.

3.1 Nonlinear Model Predictive Control (NMPC)

Nonlinear model predictive control (NMPC) (Mayne
et al., 2000) is based on minimising a cost function
J defined over a future window of fixed lengffi.

For example, the quadratic difference between the
predicted future observatiogsand a reference signal

r can be used:

J(y(to),u(to),...,ulto+T. - 1)) = (7)
Te
Z|Y(t0+7') —rf*.
T=1

ThenJ is minimised w.r.t. the control signais and
the first oneu(ty) is executed. Direct analogy to
decision theory is revealed when the control cdst
is interpreted as negative utility.

Here, the states and observations (but not control sig-

nals) are modelled probabilistically so we minimise
the expected cosE,{J} (Bar-Shalom, 1981). The
currentguess(t), . .., u(to+7.—1) defines a prob-
ability distribution over future states and observations.
This inference can be done with a single forward pass,
when ignoring the internal forward model, that is, the

(Bar-Shalom, 1981).

3.2 Optimistic Inference Control

Optimistic inference control (OIC) as described by
(Raiko and Tornio, 2005) and by (Attias, 2003) in-
dependently, works as follows. Assume that after a
fixed delayT,, the desired goal is reached. That is,
(some components of) the observationsre at the
desired levek. Given this optimistic assumption and
the observations and control signals so far, infer what
happens in between. Then choose the expectation of
g(u(tp)). It should be noted that whereas NMPC can
be used with a wide variety of different models, OIC
requires a probabilistic internal forward model.

OIC propagates the evidence in two directions, for-
wards from the current state and, additionally, the ev-
idence backwards from the desired future. The infer-
ence is conceptually simple, but algorithmically dif-
ficult. The information from the future needs to flow
through tens of nonlinear mappingsefore it affects
u(tp). The OIC algorithm as presented in (Raiko and
Tornio, 2005) only propagates information one step
forward and backward in time for each iteration. To
speed up this process, total derivatives described in
(Raiko et al., 2006) are used to replace the partial

dependency of the state on future control signals. In derivatives, which leads to much faster propagation

this case, it makes sense to ignore the forward model

anyway, since the future control signals do not have to
follow the learned policy.

Minimisation of E,{J} is done with a quasi-Newton
algorithm (Nocedal and Wright, 1999). For that, the
partial derivatives’*2 = Jy (t2)/du(ty) for all 5 <

t1 < ty < tg+ 1. must be computed. For a single
input system we can simply apply the chain rule to
arrive at the Jacobian

Yt2 — thGtgfl . Gt1+1Gt17 (8)

whereF! andG! are the Jacobians of the mappings
andg at the the time instant t. Dynamic programming
can be used to efficiently compute these partial deriva-
tives for multiple values of; andt, in linear time. The
extension of this result to multi-input systems is also
relatively straightforward.

The use of a cost function makes NMPC very ver-
satile. Costs for control signals and observations
can be set for instance to restrict values within

bounds etc. Expectations over a quadratic cost (Eq.

7) are easy to evaluate becau@:{|y(t) - r|2} =

B, {y(t)} — x> + 31, Var, {y:()}, wheren is
the dimensionality of the observation spageand

of information. Another alternative for fast inference
is the Extended Kalman Smoother (Anderson and
Moore, 1979), which unfortunately suffers from sta-
bility issues and it is therefore only used to initialise
the OIC algorithm.

OIC in a nutshell:

Given observations. . ,y(to — 2),y(to — 1) and

control signals .. ,u(tp — 2),u(tg — 1)

1: Fix futurey(to + T¢) = y(to + T + 1) =
cei=r

2: Infer the distributiony(u(¢), x(¢), y(¢)) for all ¢

3: Select the mean af{u(ty)) as the control signal

4: Observey(to) and releasg (to + T¢.)

5: Increasé and loop froml

In case there are constraints for control signals or
observations, they are forced after every inference it-
eration. If the horizon is set too short or the goal is
otherwise overoptimistic, the method becomes unre-
liable. Even with a realistic goal, it is not in general

guaranteed that the iteration will converge to the op-
timal control signal, as the iteration may get stuck in
a local minimum. The inferred control signals can be
validated by releasing the optimistic future and re-



inferring. If the future changes a lot, the control is
unreliable.

3.3 Initialisation for Control

For nonlinear control tasks it is important that the
initial estimate for control is good, otherwise the opti-
misation algorithm may get stuck in a local minimum Fig. 1. The cart-pole system
or fail to converge in reasonable time. In many cases
the control signal from the previous time step can be
: ' .~ “tive Gaussian observation noise with= 0.001 and
unexcepted changes in the system state, the Previous - \ssian process noise with— 0.001 were used.

control signal is often a poor choice. For the performance comparison between NMPC and
A second option is to use random initialisations. If OIC, the length of the control horizon was set to 40
multiple different initialisations are used, this can be time steps corresponding to 2 seconds of system’s
more robust than the first option. Unfortunately this time. The simulations were run for 70 time steps cor-
is also much more time consuming because multiple responding to 3.5 seconds of system’s time to ensure
control strategies must be computed for a single time that the controller was able to stabilise the pole.

step. If an internal forward model is available, a third

option is also possible. The current system state can®-3 Implementation

be propagated forward in time and the control signal

from these predictions can be used as an initialisation. The NDFA package (Valpola and Karhunen, 2002)
version 1.0.0, the scripts for running the experiments,

and the used training data are publicly availdhle

4.2 Simulation

During the training phase, data with 2500 samples
was used. Most of the training data consisted of a
. . . sequence generated with semi-random control where
Mechanical dynamical systems are easily understand-
. . the only goal was to ensure that the cart does not crash
able by people and thus illustrative as examples. We. . L :
. . . into the boundaries. Training data also contained some
chose a simulated system to ease experimentation. To !
. - examples of hand-generated sections to better model

make the setting more difficult, the controllers do not ; .
. ) : the whole range of the observation and the dynamic
have access to the simulation equations but have to . . . .
: . . mapping. The model was trained for 10000 iterations,

identify an unknown system instead. ) S

which translates to several hours of computation time.

Six-dimensional state spacet) was used because

4.1 Cart-Pole Swing-Up Task it resulted in a model with the lowest cost function
(Eq. 5).

The statex(t) was estimated using the iterated ex-
tended Kalman smoother (Anderson and Moore, 1979).
A history of five observations and control signals
seemed to suffice to give a reliable estimate. The ref-
erence signat was¢ = 0 and¢’ = 0 at the end of the
horizon and for five observations beyond that.

4. EXPERIMENTS

The Cart-Pole system (Kimura and Kobayashi) is a
classic benchmark for nonlinear control. The system
consist of a pole (which acts as an inverted pendulum)
attached to a cart (Figure 1). The force applied to the
cart can be controlled, and the goal is to swing the pole
to an upward position and stabilise it. This must be
accomplished without the cart crashing into the walls
of the track. To take care of the constraints in the system with
NMPC, a slightly modified version of the cost function
(7) was used. Out-of-bounds values of the location of
the cart and the force incurred a quadratic penalty, and
the full cost function is

The observed variables of the system are the position
of the carts, angle of the pole measured from the
upward positiong, and their first derivatives’ and

¢'. Control input is the force? applied to the cart.

The detailed dynamics and constraints for the simu-  Ji(to, u) =J(to, u)+ 9)
lated cart-pole system can be found in (Kimura and T.

Kobayashi). Z(max(l& lu(to +7)|) — 10)*+

A discrete system was simulated with a time step TT:C !

of At = 0.05s. The possible force was constrained Z(max(i%, lys (o +7)]) — 3)2,
between—10N and 10N, and the position between = '

—3m and3m. The system was initialised to a random

state taken from the uniform distributions= [—1, 1],
s = [72, 2], ¢ = [W —1,7+ 1}, ¢' _ [,37 3]. L http://www.cis.hut.fi/projects/bayes/software/
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Fig. 2. Example of a successful swing-up with NMPC.
Upper figure: visual representation of the swing-
up. Lower figure: time series of the swing-up.
Solid line is applied force, line with crosses is
position of the cart and line with dots is the angle.
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Fig. 3. Performance of the algorithms versus total
computation time (in seconds). Dotted line is
NMPC, dashed line is OIC. Numbers next to data
points indicate number of iterations used. Control
horizon length was 40 for all experiments.

wherey,(t) refers to the location componenbf the
observation vectoy (¢).

4.4 Simulation Results

For all the control schemes, the cart-pole simula-
tion was run for 100 times and the number of suc-
cessful swing-ups was collected. As in (Kimura and
Kobayashi), a swing-up is considered successful if
the final angle is between0.1337 and0.133x, final
angular velocity between2rad/s and2rad/s, and the

cart has not crashed into the boundaries of the area

during swing-up.

Comparison of the performance of NMPC and OIC

can be seen in Figure 3. With enough iterations, both

methods reached a very high success rate. The fe
failed swing-ups were typically caused by difficult
initial state of the cart-pole system resulting in an
unfeasiable control strategy caused by limited hori-

zon length. Example of a successful swing-up can be

found in Figure 2.
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Fig. 4. The percentage of successful swing-ups as a
function of the horizon lengtffi,. in NMPC. Solid
line is using old predictions as initialisation, dot-
ted line is using initialisations based on the inter-
nal forward model and dashed line is using the
best out of ten random initialisations. 50 NMPC
iterations were used for all experiments.

times for OIC were more varied, but in most cases
the performance was inferior to NMPC. It should be

noted, however, that the current implementation of
OIC is quite heavily penalised by the presence of
constraints, as the optimisation algorithm used cannot
properly take their effects into account. In general, it

is clear that further optimisations to the algorithms or

improvements in hardware are required, before com-
plex systems with fast dynamics can be controlled.

The importance of the horizon length to the perfor-
mance of the NMPC can be seen in Figure 4. All hori-
zon lengths between 30 and 45 time steps had similar
performance. Horizon lengths between 25 and 30 had
problems with the cart crashing to the walls. Horizons
shorter than 25 time steps could not reliably perform
the swing-up task because the reference signal became
too unrealistic.

Very long horizons are also problematic. First of all,
they increase the computational burden of the algo-
rithm. The increase in the number of the parameters
often also leads into increase in the number of local
minima, which makes the optimisation problem more
involved. In addition, because only an approximative
model of the system is available, predictions far to
the future become more unreliable. This can lead the
algorithm to choose an optimisation strategy which is
not feasible in practice.

Different initialisations for the NMPC control signal
show that local minima are the chief problem with
ong horizons (Figure 4). It was observed that in most
failed swing-ups the controller made a large prediction
error, and in the following time instant was unable
to recover from the local minimum where both the
force penalty and the reference signal tracking penalty
both suddenly became large. A more reasonable way

On average, the traditional NMPC method was aboutto generate new initialisations in such situations is to
10 to 20 times slower than real-time on modern either use random initialisations or to use the internal
hardware (2.2 GHz AMD Opteron). The computation forward model to generate a new control signal.
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