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Abstract

Discovering dependencies between attributes in multi-
attribute event sequences (multi-sequences), also known as
synchronized multi-stream sequences, is an important prob-
lem in many domains, including monitoring systems and
molecular biology. Many real-life multi-sequences have a
segmental structure, with segments of differing complexities
of attribute dependencies, which reflects a changing nature
of the dependencies over time and space. In this paper we
propose a new approach for discovering dependencies in
multi-sequences which considers a possible segmental na-
ture of such dependencies and tries to describe the multi-
sequences in probabilistic terms using Dynamic Bayesian
Networks (DBN). To accurately quantify such changing de-
pendencies, we segment the multi-sequence by fitting an op-
timal DBN for each segment. We use the Bayesian Informa-
tion Criterion (BIC) to select an optimal DBN structure and
the number of segments of the multi-sequence.

1. Introduction

Discovering dependencies in multi-attribute event se-
quences (multi-sequences), also known as synchronized
multi-stream sequences, is an important problem in many
domains, including monitoring systems and molecular bi-
ology. Usually such streams are generated by monitoring
systems (sensor networks) where an event corresponds to
a configuration of values obtained from different sensors.
As an example, consider an intensive care unit in a hos-
pital, where a patient is continuously monitored for values
of attributes like blood pressure, temperature, etc. Another
class of monitoring applications includes spatio-temporal
data, where the attributes correspond to sensors located
in geographical locations. In molecular biology, multi-
attribute sequences include gene expression levels mea-
sured for many genes simultaneously [11]. The assumption
that the streams are synchronized does not restrict practical
applications since streams can be synchronized by introduc-
ing a new symbol [12] or by interpolation [15].
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Different approaches have been considered for discover-
ing dependencies in multi-sequences including dependency
in terms of significant occurrences of complex inter and
intra-stream patterns [12], dependency in terms of corre-
lation between entire streams [15], dependency in terms of
probabilistic relationships in Dynamic Bayesian Networks
(DBN) [9, 11, 4] and dependency in terms of Boolean Net-
works [14]. In particular, DBNs have been used for infer-
ring gene regulatory networks from gene expression time
series. However all the presented approaches assumed a
single model of dependence over the entire multi-sequence
implying that the multi-sequence is time homogeneous in
terms of such dependencies.

Many real-life multi-sequences have a segmental struc-
ture, with segments of differing complexities of attribute
dependencies, which reflects a changing nature of the de-
pendencies over time and space, see, e.g., [7].

In this paper we propose a new approach for discov-
ering dependencies in multi-sequences, which instead of
assuming a single dependency model for the entire multi-
sequence, considers a possible segmental nature of such
dependencies and tries to describe the multi-sequence in
terms of DBNs. Thus, we discover dependencies between
attributes in terms of probabilistic relationships in DBNSs,
where the attributes correspond to vertices (random vari-
ables) and directed edges correspond to probabilistic de-
pendencies between the attributes. To accurately quan-
tify such changing dependencies, we segment the multi-
sequence into non-overlapping and homogeneous segments
by fitting an optimal DBN for each segment, where an op-
timal DBN structure is a trade-off between maximizing the
model fit in terms of the likelihood of observed data and
the model complexity in terms of its graph structure. We
use the Bayesian Information Criterion (BIC) to select an
optimal DBN structure and the number of segments of the
multi-sequence. Thus, for every segment we obtain a set of
inter-stream and intra-stream dependencies.

In [5] a single-sequence segmentation algorithm that
uses tree models was presented. This paper builds on
[5] by presenting a novel algorithm for segmenting multi-
sequences. The most similar approach to our approach
for analyzing multi-sequences seems to be bi-clustering
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[10], that computes possibly overlapping associations (bi-
clusters) between subsets of rows and subsets of columns
of a given data matrix. Thus, in bi-clustering terms a multi-
sequence can be treated as a matrix, where the rows corre-
spond to the attributes and the columns correspond to the
evolution of the values of the attributes. However, there
are the following main differences between our method
and bi-clustering: (1) our method considers only contigu-
ous columns while bi-clustering considers subsets of non-
contiguous columns; and (2) by fitting DBNs to segments
our method finds dependencies between elements corre-
sponding to different columns while bi-clustering finds de-
pendencies between elements from the same columns.

It may appear that in order to segment a multi-sequence
one could merge the streams and fit Markov Chains (MC)
to the merged single-sequence instead of fitting DBNs to
the multi-sequence. However there are many drawbacks of
such an approach. For example, the combined alphabet is
exponential in the number of streams.

The challenges in our approach are the following: (7)
fitting an optimal DBN to data is NP-hard [2]; (i7) the stan-
dard optimal segmentation algorithm that uses dynamic pro-
gramming has a quadratic time complexity; and (¢¢¢) many
real sources may have short segments and the algorithm has
to reliably fit DBNs from sparse data. We address (¢) and
(42) by proposing a graph structure model space that is a rea-
sonable trade-off between complexity and size. We address
(447) by proposing a limit on the minimum segment size.

The paper is organized as follows: Section 2 reviews
the foundations on Bayesian Networks, Section 3 states
the problem of multi-attribute sequence segmentation using
Dynamic Bayesian Networks, Section 4 presents the details
of the algorithm, Section 5 presents our experimental results
and Section 6 presents conclusions.

2. Dynamic Bayesian Networks

In this section we review the foundations on Dynamic
Bayesian Networks.

2.1. Notation

o A={ai,az,...,a 4} is an alphabet.

o X = {X;,Xs,..., X} is a set of random variables
where each X takes values from A. We use z; or
X; = z; to denote X; has value z; € A. We use x or
X = xto denote X is in configuration x. X t(l) denotes
a random variable corresponding to attribute ¢ (stream
1) and time instance ¢. In general we use capital letters
to denote random variables and lower case letters to
denote their instantiations.
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o S={sM s@ . sD}isamulti-attribute sequence
(multi-sequence) as a set of input streams each of
) @

,sg’ ,...7s£f)] is

the i-th attribute sequence (i-th stream), where sii) €
A. We use S,., and s((;)b to denote a contiguous subse-

quence between a and b from S and s(*) respectively.

length n, where I = |S|. s = [s{!

We also use St(i) to refer to the random variable corre-
sponding to stream ¢ and time ¢.

e D is the maximum in-degree of a node in a DBN and
d; is the in-degree of node X;.

e Pa(X;) denotes the sorted set of parents of X;, where
the parents are sorted in increasing order with respect
to their subscripts. pa(X;) denotes a configuration of
the variables in Pa(X;). We also use Pa(X ") and

pa(Xt(i)) in reference to Xt(i).

e ¢; is the number of configurations of Pa(X;). Since
all variables take values from A, ¢; = |.A|%.

e (3. Bayesian network structure as a directed acyclic
graph (DAG). © = {61,0s,...,0,,} is the set of

all parameters. 6; = [0;1,0;2,...,0;.] is a pa-
rameter vector associated with X;, where 0;; =
[0ij1,0i5,2, - 0ic ] and b5 = P(X; =

k|Pa(X;) = j). N,(i,7,k) is the number of occur-
rences of X; = k,Pa(X;) = j in a multi-sequence of
length n and N, (4, j) = Z‘kA:ll N, (i, 7, k). To denote
maximum likelihood (ML) estimators of parameters we
use © and 0; ;.1 respectively.

e Givena graph G(E, V') and the parameter set © we use
DBN (G, ©) to denote the corresponding DBN. We
use k-DBN to denote a DBN of order k£ meaning the
maximum length of the context of the model. We also
use G.E = [Pa(Xt(l)), Pa(Xt(Q)), . ,Pa(Xt(I))] to
denote a vector of parent sets of all child nodes, where
() means an empty set of parents.

2.2. Definition of Dynamic Bayesian Net-
works

A Bayesian Network (BN) for a set of I discrete random
variables X = {X3, Xo,..., X} consists of two compo-
nents: (1) a DAG in which the nodes are in a one-to-one
correspondence with variables in X and each node X re-
ceives directed edges from its set of parent nodes Pa(X;);
(2) a set of probability distributions © = {60,0,,...,0;}
associated with each variable X;, where each 6; is repre-
sented by a conditional probability table (CPT) [8].

Each node X; in a BN is conditionally independent of its
non-descendants given its parents and the joint probability



for a given configuration X = x is equal to:
I
P(X =x|G,0) = [[ P(zilpa(X:),0:). (1)

In general, conditional independence between arbitrary
nodes in a BN can be determined by the d-separation crite-
rion, where ’d” means ’directed’ [13].

From (1) it is clear that the likelihood in a BN is decom-
posable into independent contributions of individual vari-
ables and their parents. This property is of fundamental
importance in learning the graph of BNs using model se-
lection criteria introduced in Section 2.4 since (2) can be
maximized independently for each variable. This makes the
criteria decomposable and results in a more efficient optimal
model search method [2].

Dynamic Bayesian Networks can be defined as a special
case of BN that are dedicated to sequential data. The graph
structure and parameters that form the static interpretation
of a system is identical to BN. However the variables in a
DBN denote a state of a system that satisfies the Markov
property: the state of the system at time ¢ depends only on
a limited number of contiguous past states. The length of
the contiguous past states is called the order of the Markov
property. Also, a directed edge from a node X to anode X;
can be regarded as causal relationship meaning X; causes
X;.

Given a DBN(G,©) and a multi-sequence Si.,, of
length n the likelihood of the multi-sequence is equal to:

L(S1.]G,0) = [T TT P(st” Ipa(si™)).

t=11i=1

@)

2.3. Parameter learning

In the segmentation algorithm we first select model
structure and then estimate conditional probabilities of the
nodes from a segment of the input multi-sequence. This
corresponds to the case of known structure and full observ-
ability. Thus, given a graph GG and an input multi-sequence
S1., we use the maximum likelihood(ML) method to com-
pute conditional probabilities for each node as

Ny (i, 4, k)
Na(i,j)
Using the decomposability of (1) we obtain the following
formula for the log ML of S1.,:

bij0 = P(S\" = k|Pa(S") = j) = (3)

logQ(L(81:n|G7 é)) = Z Z
i=1 pa(s),s(9
oo [ Nu(pa(sy”), si")
089 @
Nn(pa(S;”))

)

N, (pa(S{"), st -

“)
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where Nn(pa(St(i))7 sgi)) is the number of occurrences of
symbol s\ with the context pa(S{”) in Sy.p.

2.4. Structure learning

The problem of learning a BN structure can be defined as
follows. Given a set of nodes X = {X3, Xo,..., X} and
an [-attribute input sequence Si.,,, find a graph G that best
fits the input multi-sequence. The approach to this problem
is to use a scoring function, that evaluates the quality of the
fit for a given graph and then to search for an optimal graph
over a space of graphs.

In the following sections we first review known crite-
ria (scoring functions) for selecting an optimal DBN graph,
where an optimal DBN structure is a trade-off between
maximizing the model fit in terms of the likelihood of ob-
served data and the model complexity in terms of its graph
structure. Then we review the search methods.

Bayesian Information criterion (BIC)
For a BN graph G BIC has the following formula [3]
BICG(S1m) = —logy(L(S1:|G,0))

1
AL (4] — 1)
—1 . (5

+ ; 5 0gy(n). (5)

Thus, an optimal graph with respect to BIC, is defined as
follows:

GBIC<Slzn) = min (BICG('Sln>) . (6)
Geg
In statistical terms, the first term in (5) measures the
goodness of fit of G to Sy.,, and the second term is the
penalty term equal to the number of free parameters, which
prevents BIC from overfitting.

2.4.1 Search Methods

The problem of finding a graph that optimizes the BIC score
is NP-hard because of the exponential search space [2].
Therefore the following two main approaches are used in
practice: (1) bounding the in-degree by a small value of D;
and (2) using heuristic local search algorithms that include
greedy search, greedy search with restart and simulated an-
nealing [6]. The drawback of the heuristic methods is that
they may fail to find a global optimum.

3. Multi-attribute sequence segmentation us-
ing Dynamic Bayesian Networks

Definition of the problem of multi-attribute sequence
segmentation using Bayesian Networks can be stated as fol-
lows. Given:
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Figure 1. Example segmentation of a 5-
attribute sequence using Dynamic Bayesian
Networks. The figure presents three seg-
ments and the corresponding probabilistic

models for each segment.

e S1.,,: afinite multi-sequence.
e [{: the maximal number of segments.

e G = {G1,Gy,...,G|g}: aset of DBN graph struc-
tures (structure space).

e cost (Sa:p): a cost function for segment S.p.

find a vector of partition points i = [i1,i2,...,ik], 1 <k <

K — 1 such that

k
cost (Sij :j.H-l_l) +k-I-B),
=0

i = arg min

(11,02, 0k]

where 1 <k < K — 1,99 = 1,i+1 = n and B is a border
insertion penalty and the cost function in terms of BIC is
computed as cost (Sy.) = BICG‘Bm (Sa:b)-

Figure 1 shows an example result of 5-attribute sequence
segmentation using DBNs. The figure presents three seg-
ments and the corresponding probabilistic models for each

segment.

4. Algorithm for Multi-attribute sequence seg-
mentation using DBNs

In this section we present details of our algorithm for
multi-sequence segmentation using DBNs.

4.1. Proposed structure space and search
method

For the sake of efficiency we define the following struc-
ture space G for possible DBNs: (1) the in-degree of each
node is bounded by D = 3; (2) there are only inter-slice
connections, i.e, only connections between time ¢ — 1 and
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t; and (3) the memory of the DBN is one time lag. Thus the
set of all parents in G consists of variables X' t(7_)1 and the set

of all child nodes consists of variables X t(l). In order to ob-
tain an optimal solution we use the exhaustive search over
the space of models.

We chose D = 3 as a trade-off between model com-
plexity and algorithm efficiency. In general, in order to cut
the search space significantly one should choose D << I,
which easily follows from the following fact. Let II =
{m1,m2,...,mm } be the set of all possible subsets of par-
ents of cardinality up to D for a child node in G. If I = D
then clearly [II| = >7_ (1) = 27, while for D < 0.5 1,
which is the goal, |II| = Zio ({) < 21%.

As a further restriction of the structure space, we could
restrict the set of possible parents for each node X t(l)
particular subset of all parents.

to a

4.2. Optimal segmentation algorithm

The standard optimal segmentation algorithm can be ex-
pressed by the following dynamic programming equation,
due to Bellman [1]:

Clk,b] = min<b{C’[kj —1,a—1] 4+ Wla,b]}.

k—1<a

In the above equation, C[k, b] is the optimal k-segmentation
cost of the prefix Sy, and W{a,b] is the cost function
(score) of the segment S,.p, that is the BIC (6) score as de-
fined in Section 2.4.

Since computing Wa,b] in time proportional to the
length of the segment S,,.;, would lead to overall O(n?) run-
ning time, we adapt an optimization technique that was pro-
posed in [5]. The idea of the speedup is to keep appropriate
counts for computing the scores for a fixed ending position
b and proceeding backward for a = b,0 — 1,...,0. Thus,
given the counts for a segment S,.;, they can be updated
in constant time for the next starting position a — 1 since
only one new configuration has to be added. The technique
achieves O(n?) by computing W a, b] in constant time.

Given the proposed structure space G, we compute
Wla,b] in one pass as follows. For every 7, € II and
for each node Xt(l), we keep counts of the number of oc-
currences of Xt(i) = k given 7Tm(Xt(i)) = j for the current
segment S, that we call N, (m,1,j, k). Then given the
counts we compute the BIC (6) score in a constant time for
a fixed I.

Since the computation of W{a, b] can be done in a con-
stant time for all pairs (a,b), the algorithm runs in time
O(n?) times the complexity of computing W{a,b]. The
space complexity of the algorithm is equal to O(Kn) plus
the space complexity for computing Wa,b]. Thus, the
overall time complexity of algorithmis O(n?-1-2/ 2| 4| 7.
|A|) and the space complexity is O(Kn+2/ 2| A| 7] A|).



4.3. Minimum segment size

Given the proposed structure space of the algorithm, a
fundamental question is what the minimum segment size
should be to reliably learn a structure. We view this problem
in terms of guaranteeing that the CPTs can be estimated re-
liably. Therefore, since members of the proposed structure
space are 1-DBNs with the in-degree bounded by D we use
Q(|A|P*1) as a bound, which follows from the fact that if
we assume that an occurrence of every configuration in a
given position in the multi-sequence is equally likely with
probability |«¢‘|++1 then the length of the multi-sequence has

to be at least |A|P*! to guarantee that on-average every
configuration occurs at least once.

4.4. Border insertion penalty

The border insertion penalty can be understood in terms
of the Hidden Markov Model (HMM) as a transition proba-
bility between hidden states of the generating source, where
segments correspond to the hidden states [5]. In the case of
a multi-sequence, a partition point corresponds to a change
of state of every individual stream. Thus, using the single-
sequence penalty from [5], we obtain the following multi-
sequence penalty for the BIC method: Bgrc = (k — 1) -
I- %, where k is the optimal number of segments that
was found by the algorithm and [ is the number of streams.

5. Experiments

In this section we generated a 10-attribute sequence
S1:300 and then segmented it using our algorithm. The
sequence was generated by concatenating three segments:
S1:100, S101:200 and Sa01.300 that were generated indi-
vidually from the following models: DBN;(G1,01),
DBNy(G2,02), DBN3(G3,03), where the structures of
individual graphs and parameters are presented in Table 1.
Thus, we used the same set of parameters © for all DBNSs,
i.e., @1, @2, O3 € 0.

Figure 2 shows the generated 10-attribute sequence
S1.300, Where the vertical lines correspond to the bound-
aries between the generated segments Si.100, S101:200 and
8201:300-

Figure 3 presents the result of the segmentation of S us-
ing our algorithm and includes both the segment boundaries
and the optimal DBN graphs. For the sake of clarity of the
presentation we omit the nodes and only draw the edges.
However, the endpoints of the directed edges of the corre-
sponding DBN graphs indicate the node numbers. Thus,
the z-axis denotes a partition point location and the y-axis
denotes the stream (attribute) number. The vertical lines
correspond to segment boundaries and the directed edges
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Table 1. Structures and parameters used for
generating 10-attribute sequence S .3 in Fig-
ure 2.

G1.E=1[{5},0,0,0,{5},0,0,0,0,{5}]
Go.E = [0,0, {4}, {4},0,0, {8}, {8},0, 0]
Gs.E =10,{2},0,0,{2,9},0,0,0,{9}, 0]
P(XD =1)=05

P(x = oPa(x”) =0)=0.9

Px? =1Pa(x/”) =1) =09
P(x = o/Pa(x”) =[0,0]) = 0.9
P(x? =1Pa(x”) =[1,1)) = 0.9
P(x? = oPa(x{”) =1[0,1)) = 0.5
P(Xx? = 1Pa(x{") = [1,0]) = 0.5
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Figure 2. Generated 10-attribute sequence
S1.300 according to the probabilistic model in
Table 1. Vertical lines denote boundaries be-
tween the generated segments S;.109, S101:200
and S»1:300-

from a y-coordinate i1 to another y-coordinate i within a
given segment denote an edge form Xf(l_lf to Xt(”) in the
optimal DBN that describes the respective segment, where
0<i1,12 < 1.

By comparing Figure 2 with Figure 3 given the structures
and parameters (Table 1) of the generating models we can
state two findings: (1) the generating models indeed gener-
ated the multi-sequence; and (2) the algorithm discovered
the correct segment boundaries and the original generating
models within corresponding segments.

The parameters in Table 1 were constructed in such way
that a parent node generates contiguous runs of ones and ze-



generated 10-attribute sequence

Nodes

"
.

100
200
300

Figure 3. Results of segmentation of the gen-
erated 10-attribute sequence S;.5y9 presented
in Figure 2. Vertical lines denote segment
boundaries and the directed edges denote
DBN edges.

ros in its child stream with probability P(1]|1) = P(0[0) =
0.9 depending whether its current state is 0 or 1. Now we
consider each generating model case. In DBN;(G1,01)
Xﬁ)l causes Xt(l) and Xflo) to output the contiguous runs
of ones and zeros. In DBN3(Gs,©,) there are two in-
dependent pairs of streams Xt(s) with Xt(4) and Xtm with
Xt(g), where in the first pair Xt(4) causes Xt(g) and in the
second pair Xt(g) causes Xtm to output the runs of ones and
zeros. In DBN3(G3, O3) there are two independent par-
ents X t(i)l and X t@l that cause X ,5(5) to generate the runs of
ones or zeros whenever X t(z)l and Xﬁ)l have the same val-
ues equal 1 or 0 respectively. In other words, if sequences
Xt(i)l and Xﬁ)l are in phase then they generate contigu-

ous runs of zeros or ones in Xt(5). Thus, DBN3(G3, O3)

works as a “noisy X NOR gate” with respect to Xfi)l

Xﬁ)l as inputs and Xt(S) as the output. The term noisy cor-
responds to the fact that the gate produces an output with
a given probability depending on input values instead of a
deterministic operation.

and

6. Conclusions

We presented a novel approach to discovering dependen-
cies in multi-attribute sequences that considers a possible
segmental character of such dependencies and tries to de-
scribe the multi-sequence in terms of DBNs.
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