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Spectral Methods for Testing Membership in Certain
Post Classes and the Class of Forcing Functions

Ilya Shmulevich, Member, IEEE, Harri Lähdesmäki, and Karen Egiazarian, Senior Member, IEEE

Abstract—Forcing functions represent an important class
of Boolean functions that have been extensively studied in the
analysis of the dynamics of random Boolean networks as models
of genetic regulatory systems. Several other so-called Post classes
of Boolean functions are closely related to forcing functions and
have been used in learning theory as well as in control systems. We
develop novel spectral algorithms to test membership of a Boolean
function in these classes. These algorithms are highly efficient
and are essential in learning problems, especially in the context of
genetic regulatory networks, where the same learning procedures
are applied repeatedly.

Index Terms—Forcing function, Post class, spectral algorithm.

I. INTRODUCTION

FORCINGfunctionsconstituteaspecialtypeofBooleanfunc-
tioninwhichat leastoneoftheinputvariablesisabletodeter-

minethevalueoftheoutputof thefunction.Forexample, thefunc-
tion ,wheretheadditionsymbolstands
for disjunction and the multiplication for conjunction, is a forcing
function,sincesetting to1guarantees that thevalueof thefunc-
tion becomes 1 regardless of the value of or . Although their
defining property is quite simple, forcing functions have been im-
plicated in a number of phenomena related to discrete dynamical
systems as well as nonlinear filters.

For example, they have been used to study the convergence be-
haviorofan importantclassofnonlineardigital filterscalled stack
filters [1]–[3].Stackfiltersareaclassof slidingwindownonlinear
digitalfilters,definedbymonotoneBooleanfunctions.1 Duetothe
so-called threshold decomposition property, they are able to op-
erate in the real-valued domain. This filter class includes standard
and weighted median filters, some morphological and soft mor-
phologicalfilters,weightedorderstatisticfilters,andseveralother
filter classes [4].Theyalsoperformwell inmanysituationswhere
linearfiltersfail,suchaswhenimpulsivenoiseispresentandsharp
edges need to be preserved.
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1A Boolean function f(x ; . . . ; x ) is called monotone if for any two vectors
� = (� ; . . . ; � ) and � = (� ; . . . ; � ) such that � � � , the relation
f(�) � f(�) holds.

A root signal of a given filter is a signal that is invariant to
the application of that filter, i.e., the signal remains unchanged.
Root signals are important for characterizing nonlinear filters
because they represent the ‘pass-band’ characteristics of a filter,
very much like the frequencies that are passed by a linear filter.
An important problem is determining whether a given filter will
drive any input signal to a root signal after a finite number of
passes. Since stack filters can be viewed as discrete dynamical
systems, the convergence to root signals can be viewed as the
convergence to the fixed points of the system. The set of root sig-
nals of a stack filter can also be considered to be its associative
memory [5], [6]. Another important task involves designing op-
timal stack filters with specified associative memories. Forcing
functions have been shown to play a considerable role in both
of these problems. For example, stack filters defined by forcing
functions are known to possess the convergence property [2].
Also, in [5], some learning schemes were proposed to find min-
imal filters defined by forcing functions. In both of these con-
texts, it is important to be able to test whether a candidate stack
filter, defined by a Boolean function, has the forcing property.
As the number of stack filters grows super-exponentially rela-
tive to the size of the window, it is imperative to devise fast and
highly efficient algorithms to test whether a Boolean function
possesses the forcing property.

Perhaps even more prevailing is the role of forcing functions
in studying transitions between order and chaos in random
Boolean networks [7]–[10], the latter being a well-known
model class of genetic regulatory networks. Boolean networks
have been one of the most intensively studied models of discrete
dynamical systems, enjoying a sustained interest from both the
biology and physics communities. Analytical and numerical
studies of the relationships between structural organization and
dynamical behavior of Boolean networks have yielded impor-
tant insights into the overall behavior of large genetic networks
[7], evolutionary principles [11], [12], and the development of
chaos [13], [14]. Although structurally simple, these systems
are capable of displaying a remarkably rich variety of complex
behavior, having much in common with other dynamical system
models. In this model, gene expression is quantized to only two
levels: ON and OFF. The expression level (state) of each gene
is functionally related to the expression states of some other
genes, using Boolean functions. Dynamics are introduced by
synchronous updating of all genes. Forcing functions, when
used as regulatory control rules, are one of the few known
mechanisms capable of preventing chaotic behavior in Boolean
networks [7]. In fact, there is overwhelming evidence that
forcing functions, which are often called canalizing functions
in the genetic network community, are abundantly utilized in
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higher vertebrate gene regulatory systems [7]. Indeed, a recent
large-scale study of the literature on transcriptional regulation
in eukaryotes demonstrated an overwhelming bias toward
canalizing rules [15].

Forcing functions exhibit a close relationship to several other
classes of Boolean functions, first described by Post [16]. These
classes of functions are closed under superposition (or composi-
tion) in the sense that a composition of functions all belonging to
this class results in another function belonging to the same class.
These classes have been applied for synthesis and reliability of
control systems [17], [18] as well as in learning theory [19]. Al-
though the relationship between forcing functions and the afore-
mentioned Post classes will become clear in the following sec-
tions, we should like to mention that strong experimental evi-
dence exists in support of the latter being intimately related to
the phase transition between order and chaos in random Boolean
networks [20]. The results of a recent paper [21] can be used
to test membership of Boolean functions in all Post classes by
means of checking solutions to equations involving the Boolean
functions in question. Although the methods are mathematically
elegant, they are not computationally efficient. Our approach is
based on novel spectral-type algorithms for testing whether a
Boolean function belongs to one of the above classes.

In order to study the properties of the various classes of func-
tions discussed above, it is necessary to have efficient algorithms
for testing whether a given function belongs to a given class. For
example, in the context of learning where we are inferring func-
tionsfromaspecificclassasdescribedin[19],inordertotestinfer-
ential algorithms, efficient methods for deciding whether a given
functionbelongstosuchaclassareindispensable.Inthecontextof
randomBooleannetworks,acertainproportionof (random)func-
tionsinanetworkischosentobelongtoaspecificclassandthenet-
work is simulated to study its global dynamical behavior. This is
repeated in a Monte Carlo-type fashion with many large random
networks. This typically involves testing hundreds of thousands
of Boolean functions. As we will see, spectral methods enjoy an
enormous advantage over direct methods because the same trans-
form matrix can be used over and over again. Spectral algorithms
arealsoconsiderablymoreefficient, fromthepointofviewoftime
complexity, than direct methods [22].

II. PRELIMINARIES

A Boolean function is a mapping .
Definition 1: A function is said to be forcing if there ex-

ists an and , such that for all
, if then . The

input variable is called the forcing variable with forcing value
and forced value .
Equivalently, all vectors for which

must have , where is the negation of . When
, this condition reduces to the Post class,2 which we will

denote as . Thus, we can define as follows.

2Typically, notation such as hA i is reserved to denote the property of a
Boolean function. The original notation used by Post and subsequent authors
[23] to denote the set of functions with such a property is, for example, F .
However, in this letter, we will simply use notation such as A to denote the
set of functions with the property hA i.

Definition 2: A Boolean function belongs to class if
all vectors on which the function takes on the value 1 have a
common component equal to 1. Similarly, we define the Post
class by replacing ones by zeros in the previous sentence.

For example, the function belongs
to , since all the vectors on which the function is equal to
0, namely (000), (001), and (010) have a common component
equal to 0 (the first one). For simplicity, we will also say “ is

.”a
If we denote the set of forcing functions by , then it is clear

from the above definitions that . We now define
the class as follows.

Definition 3: A Boolean function belongs to class ,
, if any vectors on which the function takes on the value 1

have a common component equal to 1 (some of these vectors
may be repeated). The class is defined by replacing ones by
zeros in the previous sentence.

As an example, the function

(1)

is , since any two vectors on which the function is equal to 1
have a common unity component.

Remark 4: It is easy to see that if is , then it is also
, for any satisfying . A similar result holds

for .
Another result, which will be utilized in this letter, is given in

[23] as the following proposition.
Proposition 5: If the function is ,

then for it is also .
It is easy to show that if is , then any collection of

terms in the disjunctive normal form (DNF)3 must contain a
variable that belongs to each one of those terms. Thus, there is
once again an interesting relationship to forcing functions in the
sense that the functions defined by those terms are forcing func-
tions. For example, if we take any two terms from the function
in (1), such as , then the Boolean function corre-
sponding to these terms is forcing, with forcing variable .

The remarkable property of the classes , , ,
as well as a number of other classes described by Post is that
if , are
all members of a given class, then the composition function

is also a member
of the same class. Some other examples include monotone
functions, self-dual functions, and linear functions.

III. TESTING THE FORCING PROPERTY

We use the following matrix-based algorithm for testing
whether a function is forcing. Let

be the Rademacher (0, 1) matrix of order [22],
whose rows contain all -element binary vectors, arranged in
the usual lexicographical order. As an example

3The disjunctive normal form of a Boolean function is a disjunction (OR) of
conjunctions (AND) of literals, which are variables or their negations.
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where denotes matrix transpose. The th row of rep-
resents the configuration of input variables yielding the th truth
table value of a Boolean function. Let denote the -element
binary column-vector representing the truth table of the Boolean
function. We define the forcing transform as

(2)

For convenience, let us define three other vectors

(3a)

(3b)

(3c)

where is the Hamming weight of and is a
column vector containing all ones.

Proposition 6: The function is a forcing function if and
only if there exist , and , such that

. In that case, is the forcing value of for
variable and is its forced value.

Proof: The rows of correspond to the variables
of the Boolean function . If , , is the forcing
variable, then the truth table of should have the same constant
value (0 or 1) in all positions where is equal to some value
(0 or 1). Thus, there are four possibilities, corresponding to the
four vectors , , : two possible forcing values
and two forced values. By multiplying row of

by the truth table , as in (2), we essentially count the
number of times the function is equal to 1 when . Sim-
ilarly, for the case of , we count the number of times the
function is equal to 1 when (or equivalently, when

). The same arguments apply for the cases of and ,
except that now we count the number of times the function is
equal to 0. Since every row of the transform matrix
contains exactly ones, a value of would
indicate that whenever , . In
light of the relationships given in (3a)–(3c), similar results hold
for other values of and .

The above algorithm is quite efficient, as it can be imple-
mented using binary matrix-vector multiplication algorithms,
requiring no loops. In addition, information about all forcing
variables along with their forcing values as well as the forced
function values, is contained in the vector . Let us give an
example.

Example: Let be a Boolean func-
tion. The truth table of is equal to .
Thus, taking the forcing transform, we have

The other vectors are equal to ,
, and . It can be seen that .

This means that is a forcing function and the forcing variable
is with forcing value 0 and forced value 1. As there are no

other 4s in any of the other vectors, this is the only forcing vari-
able.

IV. TESTING THE AND PROPERTIES

We will concentrate only on property , since is similar
by duality. Let us note that if is , then ,
simply from the definition of . Thus, before testing , it is
suggested that the first component of be checked. If it is not 0,
then the function cannot be . The only exception is the trivial
constant function , which is by definition.

To set the stage, let be an -element set of natural numbers
. For each family of subsets of , let be the

corresponding indicator function; that is, if
and only if contains a such that

if the th element of is in
otherwise.

That is, the encode the sets and the function specifies
which of the sets are contained in . It is easy to see that the
function is if any members of have a nonempty inter-
section. Such sets are called -inseparable. Indeed, if there were

subsets of that have an empty intersection, then it would
imply that there exist vectors on which the indicator function
is equal to 1, but which do not share any common component
equal to 1, thus violating the definition of . Let the rows of
matrix , , contain all indicator functions of sets that
are not -inseparable, with the exception of sets containing the
empty set. In other words, the first column of contains
zeros. For example, for and

Note that the indicator functions (rows) are ordered such that
the leftmost bit corresponds to the all-zero vector. Every row of

contains exactly ones. Define the transform as

(4)

Proposition 7: Let be given. Let
be a Boolean function that is equal to 0 on the all-zero vector
and contains exactly ones in its truth table . Let

. Then, is if and only if does not contain
an element equal to . If has only a single unity component in
its truth table , then is if and only if is equal to
0 on the all-zero vector. The all-zero function, is .

Proof: The special cases where equals to 0 or 1 are
trivial. There are a total of three cases to consider. Whenever

, we use the definition of . Each row of is the
truth table of a Boolean function that is equal to 1 on vectors
whose logical conjunction is the zero vector, i.e., they do not
share a unity component. Thus, if is also equal to 1 on those

vectors, then the product of that row and will be equal to ,
implying that cannot be . Whenever , if , then
the first case applies; otherwise, the definition of demands
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that some of the vectors on which takes on the value 1 must
be repeated. Thus, we only need to check whether is . If it
is , then is also . If it is not , then it cannot be
according to Remark 4. Finally, whenever , Proposition 5
implies that we need not check any , since already
implies that the function is , which by Remark 4 in turn
implies that it is for any .

Example: Let be a
Boolean function. Then

Since contains an element equal to 2, function cannot be
. Consequently, it cannot be for any .
The transform-based algorithm discussed above amounts to

nothing more than an enumeration of all vectors having all-zero
logical conjunctions and evaluating the Boolean function on
these vectors. However, from an implementation standpoint, it is
highly efficient, because the matrix can be reused to check
different functions by simply multiplying it by their truth tables.
Thus, the computational effort to generate is only required
once. For fixed , this matrix is quite sparse, since every row
contains exactly ones and zeros elsewhere.

V. TESTING THE AND PROPERTIES

As above, we will only focus on , with being similar
by duality. Recall that a function is if all vectors on which
the function equals 1 share a common unity component. Thus,
if is , then there must exist a variable such that

In other words, if we express in its disjunctive normal form,
then there must exist a variable that is contained in every term.
Clearly, setting such a variable to 0 would force the function
value to 0 as well. Thus, as discussed in Section II, an func-
tion is also a forcing function. In fact, the forcing transform in
(2) can be used to simultaneously check for and . The
relevant vectors to be checked are and , respectively,
as in Proposition 6. For instance, if contains an element
equal to , then is . We should also note that although
Proposition 7 can be used to test , we do not recommend
using it, since the matrix is typically much smaller
than matrix .

VI. CONCLUSION

We have described novel spectral algorithms to test member-
ship of a Boolean function in several important classes of func-
tions. The classes of forcing functions as well as the Post classes

described in this letter are particularly important in nonlinear
digital filters and discrete dynamical systems analysis. The pro-
posed methods, therefore, represent a valuable tool. We should
point out that spectral algorithms for testing other important
Post classes, such as monotone functions, self-dual functions,
and linear functions, are described in [22].
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