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Abstract

Many time-series encountered in data mining applications
exhibit outliers, missing data, and small sample sizes (specif-
ically, short time-series) that can cause standard methods to
perform poorly. Motivated by requirements for the analysis
of cDNA microarray time-series data, this paper describes
a rank-based approach to periodic component detection for
such time-series and examines its performance for several
different simulation-based scenarios.

1 Introduction

The detection of periodic components in a data sequence
is important enough that many different methods have
been proposed to solve this problem [6]. Since a periodic
component should appear as a peak in a plot of the
power spectrum S,...(f) against frequency, one approach
is based on the estimation Sy, (f) from observed data.
The Blackman-Tukey (BT) spectrum estimator S, (f)
is based on the fact that Sy, (f) is the discrete Fourier
transform of the autocorrelation function Rg.(m) =
E{xpxiim}:

L
Z Rm(m)e%%me.

m=—L

(1.1) Sua(f) =

The autocorrelation function is typically estimated as

(1.2) Raa(m) =

In practice, the required values of Roa (m) for m < 0 are
obtained by symmetry: R,,(—m) = R.,(m), so that
Ry (m) need only be computed for m = 0,1,2,..., L.
Also, because the amount of data on which Ry, (m)
is based decreases with increasing m, it is standard
practice to limit the number of autocorrelation lags L
used in this estimator. Here, we take L = N/4, a rule of
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Figure 1: Nominal data sequence: noisy sinusoid

thumb that has been suggested for time-series of at least
moderate length (e.g., N > 50). To keep our results as
comparable as possible, we adopt this rule here, even
for the short time-series considered in Sec. 6.

This paper considers three variations of the esti-
mator defined in Egs. (1.1) and (1.2), all based on
replacement, of Ry, (m) with an alternative, aimed at
addressing some of the forms of nonideal sequence be-
havior described in the next section.

2 Nonideal data sequences

Because data mining generally deals with data collected
under relatively uncontrolled and uncontrollable condi-
tions, these datasets often exhibit various forms of non-
ideal behavior. This section briefly discusses three types
of nonideal behavior: outliers, missing data, and short
time-series. Fig. 1 shows a 100 point sequence of sam-
ples of a noisy sinusoid, which may be regarded as the
“ideal” sequence we would like to have available for anal-
ysis in the simulation examples considered here. More
specifically, the sinusoid in this sequence is of frequency
f =~ 0.22 and unit amplitude, contaminated additively
with a zero-mean, Gaussian white noise sequence with
standard deviation o = 0.2.

2.1 Outliers Outliers are data points that are clearly
inconsistent with most of the other points in the dataset.
A typical example is shown in Fig. 2, where the noisy
sinusoidal time-series shown in Fig. 1 has been contam-
inated by randomly replacing approximately 15% of the
dataset with a single point that lies 8 standard devia-
tions (of the sinusoidal signal alone) from the mean of
the original dataset. The result is the presence of the
pronounced spikes clearly evident in Fig. 2.
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Figure 2: Noisy sinusoid with 15% random outliers
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Figure 3: Noisy sinusoid with randomly missing samples

2.2 Missing data It has been suggested that in
many applications, as much as ~ 30% missing data
is typical [3]. Fig. 3 shows the noisy sinusoidal data
sequence from Fig. 1 with approximately 15% of the
samples missing, indicated by the open circles.

The Blackman-Tukey estimator can be modified to
account for missing data at known sampling times k by
replacing Ras (m) with the following modified estimator.
First, for each integer 0 < m < L, define I, to be the
set of all time indices k for which both z and xg,, are
available, and define K, as the number of elements in
the set I,,. So long as K,, # 0, one possible unbiased
estimate of Ryq(m) is given by

(2.3) Rm(m)zKL S methim:

M kel

In the absence of missing data, this expression reduces
to the standard estimator given in Eq. (1.2). Con-
versely, if K,, = 0, the pattern of missing data is such
that Ry, (m) cannot be estimated at all, a situation that
can occur when data values are systematically missing.

2.3 Short time series Data mining is fundamen-
tally concerned with the analysis of large datasets, but
one special case that is becoming increasingly important
is the problem of analyzing large collections of short
time-series. In particular, high-throughput methods in
functional genomics studies frequently lead to large col-
lections (e.g., thousands or tens of thousands) of short
time-series, typically of length N ~ 10 to ~ 20. In
many of these experiments, the anticipated state-of-the-
art for the forseeable future simply does not permit the

generation of meaningful time-series of length N 2 100,
which would be preferred for detection of periodicities
and other types of time-series analysis. Practical conse-
quences of dealing with very short time-series are first,
the inapplicability of several of the more sophisticated
methods and second, a general increase in the uncer-
tainty of computed results since variability generally de-
creases with increasing sample size.

3 Rank-based extensions

This paper considers the extension of a recently pro-
posed, rank-based alternative autocorrelation estimator
[4] to problems of spectrum estimation. This estimator
is a moving-window extension of the Spearman rank
correlation coefficient [1, p. 61], quantifying the asso-
ciation between the sequences {zr} and {xg4+m}. The
resulting quantity, p> (m) is actually an alternative es-
timator of the correlation coefficient pg.(m) between
these sequences, which is related to the autocorrelation
function R, (m) by Ruz(m) = 2%+ 02py.(m), where z
is the mean of the sequence and o2 is its variance. Since
it is important to remove the mean of the sequence prior
to spectrum estimation to avoid low frequency artifacts
and since o2 is simply a scale factor, the problem of
detecting periodic components in a data sequence may
equally well be based on p,,(m) as R..(m). Conse-
quently, we consider spectral estimators of the form

L

Z ﬁxx(m)efi%rme,

m=—L

(3.4) Saa(f) =

where §,.(m) estimates the correlation coefficient be-
tween {xy} and {x1,}. More specifically, with I,,, and
K, defined as in Sec. 2.2, we consider the missing data-
adapted correlation coefficient between the data ranks
R, (i) and R. (i), defined by:

12 . K,+1
i) = ey o (- )
(3.5) (Rz(z) _ T) .

Here, R;(i) denotes the rank of z; in the set S =
{z;|j € I,} and R/ (i) denotes the rank of z;;, in the
set 8" = {xj1m|j € In,}. Because both of these rank
sequences assume every value from 1 to K, precisely
once, their average is (K,, + 1)/2, independent of the
data values {x}, and their variance can be shown to
be K,, (K2, —1)/12 [1, p. 89]. More generally, since
p2.(m) is the correlation coefficients between ranks, it
is bounded by —1 < p3.(m) < 1 for all m.
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Figure 4: BT spectrum estimate, 15% contamination
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Figure 5: Rank-based spectrum, 15% contamination

4 Results for contaminated series

Results using the classical Blackman-Tukey method are
shown in Fig. 4 for a sequence containing 15% outliers,
all lying 8 standard deviations above the uncontami-
nated signal mean. These results clearly illustrate the
severe outlier sensitivity of the BT method: although
there is a peak in the estimated spectrum at approx-
imately the correct value (f = 0.22), there are also
four other peaks of greater magnitude at frequencies
f~0.16, f ~0.34, f ~0.42, and f ~ 0.46, along with
peaks that are only slightly less intense at f ~ 0.02
and f ~ 0.29. The rank-based spectrum estimate intro-
duced in Sec. 3 is shown in Fig. 5 for the same data
sequence and the results are exactly what we would hope
to see: a single, well-defined peak is clearly evident, cen-
tered at f ~ 0.22. As in the BT example, the estimated
spectrum also contains a number of other peaks, but
here these secondary peaks are smaller than the main
peak by a factor of 6 or more.

Although these results indicate a dramatic differ-
ence between methods, it is important to ask how repre-
sentative these differences are. To address this question,
Figs. 6 and 7 present spectral envelope plots, which
may be viewed as dynamic extensions of boxplots [2, p.
44], consisting of six overlaid curves of spectral inten-
sity vs. frequency. These plots summarize the results of
100 independent simulations, based on sequences with
the same amplitude sinusoid, the same Gaussian white
noise level, and contaminated by a specified fraction of
randomly spaced outliers, all of the same intensity. The
six curves in these plots represent:
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Figure 6: Range of 100 BT spectra, 10% outliers

Figure 7: Range of 100 rank-based spectra, 10% outliers

1. the minimum of the 100 values at frequency f,

2. the lower quartile (the smallest value not exceeded
by 25% of the values at frequency f),

3. the median of the 100 values at frequency f,
4. the mean of the 100 values at frequency f,

5. the upper quartile (the smallest value not exceeded
by 75% of the values at frequency f),

6. the maximum of the 100 values at frequency f.

In these plots, the mean spectrum (curve number 4) is
shown as a solid line, the minimum and maximum values
are shown as dashed lines, the upper and lower quartiles
are shown as dash-dotted lines, and the median is shown
as a dotted line.

Fig. 6 summarizes the results obtained with the
classical BT estimator for 100 time-series, each of length
N = 100 and each contaminated with 10% outliers,
randomly distributed throughout the data sequence.
The solid curve in the center of the plot represents
the mean of the 100 simulations, which is seen to
be generally consistent with our expectations. This
consistency is somewhat misleading, however, because it
is the average of 100 individual spectrum estimates, thus
representing an estimate based on the 10, 000 total data
points in the 100 simulations. What is clear from the
other curves in this plot is that the individual sample-
to-sample variability of the spectra can be enormous,
with extreme members of this family exhibiting many
spurious details, exactly as seen in Fig. 4.



10

Figure 8: Range of 100 BT spectra, 15% unacknowl-
edged missing data

Figure 9: Range of 100 BT spectra, modified for 15%
missing data

For comparison, Fig. 7 shows the results for the
same 100 simulated data sequences, obtained using the
rank-based spectrum estimation procedure. Although
its height varies somewhat, the observed peak at f ~
0.22 is always the dominant spectral feature, in dra-
matic contrast to the results shown in Fig. 6 for the
classical BT estimate. Taken together, Figs. 6 and 7
illustrate that the individual sample results presented
in Figs. 4 and 5 are indeed representative.

5 Results with missing data

Fig. 8 shows the range of 100 estimated spectra using
the classical Blackman-Tukey estimator, making no al-
lowance for the irregular spacing induced by the 15%
missing data in the samples from which these spectra
were estimated. In contrast to the outlier-contaminated
BT results discussed in the previous section, the spec-
tral envelopes shown in Fig. 8 may generally be charac-
terized as describing a single spectral peak, centered at
roughly the correct frequency, but with two significant
differences. First and most obviously, the peak seen in
the average BT spectrum is much broader than that
seen in the prevous examples, and somewhat irregular
in shape. The second point is that the center of the
peak in the average spectrum is shifted to a higher fre-
quency than that of the periodic component in the data
sequence (f ~ 0.25 vs. f =~ 0.22). In contrast, Fig.
9 shows the results for the same 100 data sequences,
obtained using the modified version of the Blackman-
Tukey estimator that correctly accounts for the data
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Figure 10: Range of 100 rank-based spectra,
unacknowledged missing data

Figure 11: Range of 100 rank-based spectra, modified
for 15% missing data

points that are missing from the sequence. Here, the
results are much better, with all of the estimated spec-
tra exhibiting a single, well-defined peak centered at
approximately the frequency of the periodic component
that is present in the data sequence.

Fig. 10 shows the results analogous to those
plotted in Fig. 8, but for the unmodified rank-based
spectral estimator. Very close examination of these
two figures reveals that there are some differences, but
generally quite minor ones. Similarly, Fig. 11 shows
the results obtained using the rank-based spectrum
estimator introduced in Sec. 3, modified for missing
data as discussed for the BT estimator in Sec. 2.2.
As in the case of the modified BT estimator, correctly
accounting for missing data gives a much better spectral
estimate, exhibiting the expected single, narrow peak,
centered at f ~ 0.22. In fact, careful comparison of
Figs. 11 and 9 reveals that the modified rank-based
estimator exhibits a peak that is both somewhat more
pronounced relative to its side-lobes than the modified
BT estimator, and much less variable in terms of its
peak heights.

6 Results for short time series

Any consistent estimator becomes increasingly well-
behaved with increasing sample size. It follows as a
corollary, then, that we can expect poorer performance
for the estimators considered here when we apply them
to short time-series than the results just presented
for time-series of moderate length. The following



Figure 12: Range of 100 modified BT spectra, 15%
missing data

discussion briefly illustrates the nature and magnitude
of this breakdown by considering the performance of
the spectral estimators discussed here for time-series of
length N = 20, corresponding roughly to the length of
published yeast microarray time-series [5]. In addition,
because these and other microarray time-series usually
exhibit irregular spacing, we focus here on the case of
short time-series with missing data.

Fig. 12 summarizes the results obtained using
the modified Blackman-Tukey estimator applied to 100
time-series of length N = 20 with 15% randomly miss-
ing data. Relative to Fig. 9, which summarized the
corresponding results for time-series of length N = 100,
this figure exhibits three primary differences, all of
which are due to the smaller sample size. First, the
width of the observed spectral peak is much wider, al-
though it remains centered at the correct frequency,
f ~ 0.22. The second difference is the much greater
variability in the height of this peak among the indi-
vidual spectral estimates. Finally, the third significant
difference is the much lower height of this main spectral
peak, relative to the adjacent side-lobes.

Fig. 13 shows the results obtained using the rank-
based estimator, modified to correctly account for the
15% missing data in the sample. As with the longer
time-series, the results obtained with this estimator
are more consistent than those obtained using the BT
estimator, but the same three general conclusions noted
for the BT estimator apply here as well: the main peak
is broader, more variable, and lower relative to the side-
lobes than in the results obtained for the longer time-
series. Again, this is simply a consequence of attempting
to analyze shorter time-series: the problem becomes
harder and the results become poorer.

7 Summary

This paper has introduced a simple alternative to
the classical Blackman-Tukey (BT) spectral estimator
based on rank correlations, motivated by the need for a
simple spectrum estimation procedure that is relatively
resistant to such non-ideal data features as outliers and
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Figure 13: Range of 100 modified rank-based spectra,
15% missing data

missing data [4]. The results presented here demon-
strate the clear superiority of the rank-based approach
over the classical BT estimator in the presence of out-
liers. Simple extensions of both the classical and rank-
based estimators are introduced to deal with missing
data, and it is shown first, that such extensions are im-
portant and second, that the rank-based estimator again
generally yields better spectral estimates than the clas-
sical estimator. Finally, the extent to which all of the
methods considered here degrade for short time-series is
investigated and it is seen that, for time-series as short
as N = 20, the rank-based approach generally retains
its advantage over the classical BT estimator in detect-
ing periodic components in a data sequence.

Because space limitations here did not permit de-
tailed discussions of both the rank-based method and its
application to a real microarray dataset, we have chosen
to describe the method and summarize its performance
for simulation-based examples for which the correct re-
sults are known. A paper describing the application of
this method to microarray time-series data is currently
in preparation.
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