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Abstract

Weight constraint and aggregate programs are among thewidmy used logic programs with con-
straints. In this paper, we relate the semantics of theseclmgses of programs, namely the stable
model semantics for weight constraint programs and the @nset semantics based on conditional
satisfaction for aggregate programs. Both classes of anegjiare instances of logic programs with
constraints, and in particular, the answer set semanticaggregate programs can be applied to
weight constraint programs. We show that the two semant&slasely related. First, we show that
for a broad class of weight constraint programs, cadigdngly satisfiable programthe two seman-
tics coincide. When they disagree, a stable model admityetthd stable model semantics may be
circularly justified. We show that the gap between the twoas#ins can be closed by transforming
a weight constraint program to a strongly satisfiable oneghabno circular models may be gen-
erated under the current implementation of the stable mastelntics. We further demonstrate the
close relationship between the two semantics by formgatitransformation from weight constraint
programs to logic programs with nested expressions whiebgoves the answer set semantics. Our
study on the semantics leads to an investigation of a metbgidal issue, namely the possibility of
compact representation of aggregate programs by weigistrednt programs. We show that almost
all standard aggregates can be encoded by weight constcaintpactly. This makes it possible to
compute the answer sets of aggregate programs using the é&@&®ssfor weight constraint pro-
grams. This approach is compared experimentally with tles evhere aggregates are handled more
explicitly, which show that the weight constraint encodofgaggregates enables a competitive ap-
proach to answer set computation for aggregate programs.

KEYWORDS Stable model, Weight Constraint, Aggregates, Logic Paogr with Constraints.

1 Introduction

Answer set programming (ASP), namely logic programmingauride answer set seman-

tics (Gelfond and Lifschitz 1988; Niemela 1999), is a coaistt programming paradigm,

which has been successfully deployed in many applicatidakl(ccini et al. 2001; Wu et al. 2007;

Caldiran et al. 2009: Oetsch et al. 2009; lelpa et al. 2009 aade et al. 2009: Erdem et al. 2009).
Recently, ASP was extended to include constraints to fatlireasoning with sets of

atoms. These constraints include weight constréelints (8énebal. 2002), aggregates (Faber et al. 2004;
Ferraris 2005; Pelov et al. 2007; Son and Pontelli 2007) Astiact constraints (Marek and Remmel 2004;
Marek et al. 2007; Liu and Truszczynski 2006; Son et al. 200 et al. 200/7; Shen et al. 2009;


http://arxiv.org/abs/1105.3414v1

2 G. Liu and J. You

Liu et al. 2010). Among them, weight constraints and aggesgare the most widely used
constraints in practice. In this paper, logic programs wigight constraints and aggregates
will be referred to asveight constrainandaggregate programsespectively.

The semantics of weight constraint programs, calledstable model semantids well
established and implemented in a number of ASP solvers (&rabal. 2002; Giunchiglia et al. 2006;
Gebser et al. 2007). Especially, the results of the ASP sobrapetitions/(Gebser et al. 2007;
Denecker et al. 2009) show thatAsp is an efficient solver that implements this seman-
tics.

For aggregate programs, various semantics have been pbf€aber et al. 2004; Ferraris 2005;
Pelov et al. 2007; Son and Pontelli 2007). The one proposé@afov et al. 2007) (previ-
ously in {Denecker et al. 2001; Pelov et al. 2004)), calleduttimate stable semanticis
based on an iterative construction on partial interpretati The same semantics is refor-
mulated by[(Son and Pontelli 2007; Son et al. 2007) and egtbtmlogic programs with
arbitrary abstract constraint atoms, which embodies a &agept calleconditional satis-
faction Since this reformulation is conceptually simpler, as ieslaot resort to 3-valued
logic, in this paper we call this semanticenditional satisfaction-baseAmong the se-
mantics for aggregate programs, this semantics is knowa thémost conservative, in the
sense that any answer set under this semantics is an answedseothers, but the reverse
may not hold. The relationships of these semantics have stedied in[(Son et al. 2007;
Shen et al. 2009; Liu et al. 2010). In this paper, we refer éostBmantics based on condi-
tional satisfaction as thenswer set semantigs

Despite the fact that weight constraint and aggregate pmgare among the most popu-
lar classes of programs in practice, the relationship anttogrm has not been fully studied,
both in semantics and in representation.

In this paper, we study the relationship between the stabléefrsemantics and the an-
swer set semantics. We show that for a broad class of weigtsti@int programs, called
strongly satisfiable prograntbhe stable model semantics agrees with the answer set seman
tics. For example, weight constraint programs where weighttraints are upper bound
free are all strongly satisfiable. This result is useful iattlve are now sure that the known
properties of the answer sets also hold for these programesir@portant property is that
any answer set is well-supported moddlSon et al. 2007), ensuring that any conclusion
must be supported by a non-circular justification in the serigfFages 1994).

Our study further reveals that for weight constraint progsavhere the stable model and
answer set semantics disagree, stable models may be dygusdified. We then show that
the gap between the two can be closed by a transformatiochwtdnslates an arbitrary
weight constraint program to a strongly satisfiable progsarnthat the answer sets of the
original program are exactly the stable models of the tediadlprogram.

We further demonstrate the precise difference betweenthesémantics using a more
general logic programming framework, logic programs widisted expressions. We pro-
pose yet another transformation from weight constraingmms to logic programs with
nested expressions which preserves the answer set sesn@lygicompare this transforma-
tion to the one given iri (Ferraris and Lifschitz 2005), whigffaithful to the stable model

1 Inthe literature stable modedndanswer sedre usually interchangeable for logic programs withoutttessic
negation” (sed (Gelfond 2008)). In this paper, we use theraftr to different semantics.
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semantics. Interestingly, the difference is small butlulgiven a weight constrairitS] u,
where! andu are lower and upper bounds, respectively, &fidexpresses a collection
of literals with weights, while in our transformation thetiséaction of the upper bound is
interpreted directly as “less than or equakit in (Ferraris and Lifschitz 2005) the inter-
pretation is by negation-as-failure “not greater thén

The observation that the gap between the answer set anditiie stodel semantics can
be closed by a transformation leads to an approach for cangpamswer sets of aggregate
programs using the ASP solvers that implement the stableele@@mantics of weight
constraint programs. We propose such an approach wheregadgiprograms are encoded
compactly as weight constraint programs and their ansviease computed using a stable
model solver. We conducted a series of experiments to eeailis approach. The results
suggest that representing aggregates by weight constigiafpromising alternative to the
explicit handling of aggregates in logic programs.

Besides efficiency, another advantage is at the system kvelggregate language can
be built on top of a stable models solver with a simple fromt #rat essentially transforms
standard aggregates to weight constraints in linear tirhis.i$ in contrast with the state-of-
the-art in handling aggregates in ASP, which typically ieggian explicitimplementation
for each aggregate.

The paper is organized as follows. The next section givebnpreary definitions. In
Section 3 we relate the stable model semantics with the ansstesemantics. We first
establish a sufficient condition for the two to coincide, #meh discuss their differences.
In Section[#, we present a transformation to close the gapdaet the two semantics,
followed by Sectiofi b where we show how to represent aggeegrigrams by weight
constraint programs. Further in Sect[dn 6, to pinpoint trecise difference between the
stable model semantics and the answer set semantics fohtgigstraint programs, by
proposing a transformation from weight constraint proggémogic programs with nested
expressions which preserves the answer set semantics,oamghdng this with that of
(Ferraris and Lifschitz 2005). We implemented a prototyystem calledALPARSE and in
Sectiorl Y we report some experimental results. SeCtion 8ledes the paper.

A preliminary version of this paper has appeared_as (Liu and2008). The main ex-
tensions here include: (i) Sectibh 6, where we propose aftamation from weight con-
straint programs to logic programs with nested expressidrish preserves the answer
set semantics - this transformation shows exactly what m#tike answer set semantics
differ from the stable model semantics; (ii) Sectidn 7, vehexperiments are expanded in-
cluding the benchmarks for aggregate programs used in thié R8P Solver Competition
(Gebser et al. 2007); and (iii) the proofs of all the theoreimd lemmas.

2 Preliminaries

Throughout the paper, we assume a fixed propositional layeguéth a countable set of
propositional atoms.
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2.1 Stable Model Semantics for Weight Constraint Programs
A weight constrainis of the form
lar = wgy,- -+, @ = W, ,NOt by = wp,, -+ -, NOt by, = wp, | u (1)

where eachu;, b; is an atom, and each atom and not-atom (negated atom) isiassbc
with a weight Atoms and not-atoms are also callidrals(the latter may be emphasized
asnegativditerals).The literal set of a weight constraifif, denotedit( W), is the set of
literals occurring inW. The numbers andu are thelowerandupper boundgespectively.
The weights and bounds are real numbers. Either of the banagidhe omitted in which
case the missing lower bound is taken to-bs and the missing upper bound by.

A set of atomsV/ satisfies a weight constraift’ of the form [1), denoted/ = W, if
(and only if)l < w(W, M) < u, where

w(W, M) = Z Wwa, + Z wp, (2)
a €M by M
M satisfies a set of weight constraihisf M = W for every W € II.

A weight constraintW is monotonef for any two setsk andS, if R = W andR C S,
thenS = W; otherwise,W is nonmonotoneThere are some special classes of nonmono-
tone weight constraintd¥” is antimonotoné for any R andS, S = W andR C S imply
R & W; W is convexif for any R and S such thatR C S,if R = W andS = W then
forany7 suchthat? C I C S we havel = W.

A weight constraint prografs a finite set olveight rulesof the form

WO<_ Wl7"'aWTL (3)

where eachlV; is a weight constraint. Given a (weight) ruteof the above form, we will
usehd(r) to denotel?y andbd(r) the conjunction of the weight constraints in the body of
the rule.

We will use At(P) to denote the set of the atoms appearing in a progfam

Weight constraint programs are often callpdrse programsvhich generally refer to
the kind of non-ground, function-free logic programs one eaite based on thePARSE
syntax. These programs are grounded before calling an ABErsm this paper, for the
theoretical study we always assume a given weight consfredgram is ground.

Given a weight constraint prograf if the head of each rule iR is of the form1[a =
1]1 wherea is an atom, therP is said to bebasic If, in addition, all the weight constraints
in the bodies of rules irP are of the forml [/ = 1]1, wherel is a literal, then we have a
normal program. We will simply write a weight constrairff = 1|1 as!, since they are
equivalent in terms of satisfaction.

As pointed out byl(Simons et al. 2002), negative weights ayative literals are closely
related in that they can replace each other and that one $sénéal when the other is
available. Negative weights can be eliminated by applyimgfollowing transformation
(Simons et al. 2002): Given a weight constrdifitof the form (1), ifw,, < 0, then replace
a; = w,, With not a; = |w,, | and increase the lower boundite|w,,| and the upper bound
to u + |wy,|; if we, < 0, then replacaot b, = wy, with b, = |w;,| and increase the lower
bound tol + |wy,| and the upper bound @+ |wp,|.

For instance, the weight constraint
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—1[ap = —1,a2 = 2,n0t by = 1,not by = —2]1
can be transformed to
2[notag =1,a2 =2,n0t by =1, b, = 2]4

Note that this transformation is satisfaction-preseryinghe sense that for any weight
constraintW and set of atomd/, M = W iff M = W', where W’ is obtained by
applying the transformation.

From now on, we assume that negative weights are alwaysnalted by the above
transformation.

The stable models of weight constraint programs are definied)the reduct of weight
constraints, which is defined as follows: Therluctof a weight constraintV of the form
(@) w.r.t. a set of atoma/, denoted byiv M, is the weight constraint

l/[CLl = Wqy, " An = wan] (4)

wherel’ =1—37, oy ws,.
Let P be a weight constraint program aid a set of atoms. The reduct &fw.r.t. M,
denotedP , is defined by

PM ={pe WM ... WM Wy« Wy,... W, € P,
p € lit(Wo) N Mandw(W;, M) < u, foralli > 1} (5)

Definition 1((Simons et al. 2002))
Let P be a weight constraint program aM C At(P). M is anstable modedf P iff the
following two conditions hold:

1. M E P,
2. M is the deductive closure gtM .

Note thatP™ is a monotone basic weight constraint program. The dedrctosure of
such a program can be constructed using the opefataefined in|(Liu and Truszczyhski 2006).
Let P be a monotone basic weight constraint program. The opefatas defined as

Tp(S) ={h|3r € P ofthe formh < bd(r) andS = bd(r)} (6)

We note that, for a monotone program the operatofl’» is monotone with respect to
S. Then we have the lemma below.

Lemma 1
Given a weight constraint prograf, a set of atomd/ is a stable model of iff M = P
andM = T2, (0).

Proof

Let P be a weight constraint program aid a set of atomsP™ is a monotone program.
The deductive closure aP? is the least fixpoint ofTsu (). Then the lemma follows
from Definition[1. O
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2.2 Answer Set Semantics for Aggregate Programs

Following (Son and Pontelli 2007), we define the syntax amdasgics for aggregate pro-
grams below.
An aggregate is a constraint on a set of atoms taking the form

aggr({X |p(X)}) op Result (7

whereaggr is anaggregate functiamhe standard aggregate functions are tho4&IioM,
COUNT, AVG, MAX, MIN }. The se{ X | p(X)} is called anintensional setwvherep is a
predicate, andX is a variable which takes value from a $2tX) = {a,- - -, a,, }, called
the variable domainThe relational operatarp is from {=, #, <, >, <, >} and Result is
either a variable or a numeric constant.

Thedomainof an aggregatd, denotedDom(A), is the set of atomép(a)|a € D(X)}.
The size of an aggregate|iBom (A)|.

For an aggregatel, the intensional sef X |p(X)}, the variable domairD(X), and
the domain of an aggregafeom(A) can also be a multiset which may contain duplicate
members.

Let M be a set or multiset of atoma/ is amodelof (satisfies) an aggregate denoted
M = A, if aggr({a|p(a) € M N Dom(A)})op Result holds, otherwisé/ is not a model
of (does not satisfy}l, denotedV = A.

For instance, consider the aggregate= SUM ({X|p(X)}) > 2, whereD(X) =
{-1,1,1,2}. For the setd/; = {p(2)} andMy = {p(—1), p(1)}, we haveM; = A and
M, (= A. For the multiset\fs = {p(1), p(1)}, we haveMs = A.

An aggregate program is a set of rules of the form

h+« Ay,- - A, (8)

whereh is an atom and,, - - -, A,, are aggregat&For a ruler of the form [8), we use
hd(r) andbd(r) to denoteh and the se{ A4, - - -, A,, }, respectively.

The definition ofanswer sedf aggregate programs is based on the notiocowfditional
satisfaction

Definition 2

Let A be an aggregate amdl and S two sets of atomsR conditionally satisfiesd, w.r.t.
S, denotedR s A, iff R = A and for every sef such thatR N Dom(4) C I C
SN Dom(A), I E A.

R conditionally satisfies a set of aggregafew.r.t. S, if R =g A for everyA € II.
Given two setsk andS, and an aggregate prograf the operatoip (R, S) is defined
as:

Kp(R,8) = {hd(r)|3r € P, R k=5 bd(r)}.

2 In general, thed,;’s could also be atoms or negative atoms. Here we focus oregatgs. The results can be
extended to the general case, where the atoms and negatins ate treated exactly the same as that in normal
logic programs|(Son and Pontelli 2007).
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Kp is monotone w.r.t. its first argument, given that the secagdraent is fixed. Fol-
lowing (Son and Pontelli 2007), given a set of atohsthe least fixpoint ofKp w.r.t M
is defined as( (0, M), whereK3(0, M) = ¢ and Kt (0, M) = Kp(Kp (0, M), M),
foralls >0.

Definition 3((Son and Pontelli 2007))
Let P be an aggregate program ahfia set of atoms)M is ananswer setf P iff M is a
model of P andM = K (0, M).

2.3 Answer Sets of Weight Constraint Programs

To present our results, it is notationally important to tife concepts of conditional satis-
faction and answer set to weight constraints. Given a weighstrainti¥, the domain of
W, denotedDom (W), is the sef{a|a € lit(W)ornot a € lit(W)}. Let W be a weight
constraint andz andS be two sets of atoms? conditionally satisfiedV, w.r.t. S, denoted
R =g W, ifforall I suchthatR N Dom(W) C I C SN Dom(W), we havel = V.

First, the answer sets of a basic weight constraint progrardefined using the concept
of conditional satisfaction.

Definition 4
Let P be a basic weight constraint program alida set of atoms) is an answer set of
P iff M is a model ofP andM = K (0, M).

Then, following (Son et al. 2007), the answer sets of a génegaght constraint pro-
gram are defined as the answer sets afis¢éances

Let P be a weight constraint program,a rule in P of the form [3), andM a set of
atoms. Thenstance of- w.r.t. M is

nst(r, M) = {a < bd(r)|a e MNLt(Wy)} if ME W,
R L0 otherwise

Theinstance ofP w.r.t. M, denotedinst(P, M), is the program
inst(P, M) = Upepinst(r, M) 9
Note that an instance of a program is a basic program.

Definition 5
Let P be a weight constraint program ai a set of atomsM is an answer set aP iff
M is an answer set of the instance®fw.r.t. M.

In the next section, we will show that, for some weight casistrprograms the stable
model and the answer set semantics coincide, while, for suihess these semantics are
different.

Before ending this section, we give a useful propositionictvishows a one-to-one
correspondence between the stable models/answer setsaobitnary weight constraint
program and those of its basic program counterparts. Thidtreill be used later in this

paper.
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Proposition 1
Let P be a weight constraint program anfl a model ofP. Define

P ={p+ Wi,...,W,| Wy« Wi,... W,, € Pandp € lit(Wy) N M},

Then, M is a stable model (resp. answer set)fbfff M is a stable model (resp. answer
set) of P’.

Proof
The correspondence between answer sets follows from Defifitabove. For the corre-
spondence between stable models, noteBfat= P'M. O

3 Relating Answer Sets with Stable Models

In this section, we relate answer sets with stable modaist, e give a sufficient condi-

tion under which they agree with each other. Then, we showlifference between these
semantics, that is, stable models that are not answer sgtbencircular justified, based

on a formal notion of circular justification. At the end, wediss the related justifications
in the literature.

3.1 When Semantics Agree

We show that for a broad class of weight constraint prograinesstable models are pre-
cisely answer sets, and vice versa.

Given a weight constrainti” of the form [1) and a set of atonig, we defineM, (W) =
{a; € M|a;, € it(W)} andM, (W) = {b; € M |not b, € lit(W)}. SinceW is always
clear by context, we will simply writéd/, and M,,.

Definition 6

Let M be a set of atoms and” a weight constraint of the forrhl(1)¥ is said to bestrongly
satisfiable byM if M = W implies that for anyV C M, w(W, M\ V) < u. Wis
strongly satisfiablé for any set of atoms\/, W is strongly satisfiable by/. A weight
constraint progran® is strongly satisfiabléf every weight constraint that appears in the
body of a rule inP is strongly satisfiable.

Intuitively, a strongly satisfiable weight constraint is aight constraint whose upper
bound is large enough to guarantee that, if a set of atonsfisatthe constraint, then any
of its subset also satisfies the constraint.

Strongly satisfiable programs constitute a nontrivial £laf programs. In particular,
weight constraintd? that possess one of the following syntactically checkabiel@ions
are strongly satisfiable.

e [it( W) contains only atoms;
® > i) Wa + 2ty wp, < u

Note that upper-bound free weight constraints satisfy #oesd condition above.
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Example 1
The following constraints are all strongly satisfiable:

la=1,b=2)2
1[a=1,not b =2]3
1[a =1,not b = 2]

But the weight constraint
1[a=1,not b =2]2
is not, since it is satisfied bya, b} but not by{a}. O
Strongly satisfiable weight constraints are not necegsawitvex or monotone.

Example 2
Let A be the following weight constraint

2[a =1,b=1,n0t ¢ = 1]

SinceA is upper bound free, it is strongly satisfiable. Buts neither monotone nor con-
vex,as{a} = A, {a,c} £ A, and{a,b,c} EA. O

We show that the stable model semantics coincides with tee@mnset semantics for
strongly satisfiable programs. We need a lemma.

Lemma 2
Let W be a weight constraint of the forril(1), asdand M be sets of atoms such that
S C M. Then,

(i) If S =y WthenS = WM andw(W, M) < .
(i) If S = WM and W is strongly satisfiable by/, thenS =y, W.

Proof

(i) We prove it by contraposition. That is, we show thatif W, M) > uwor S = WM,
thenS (= W. The case ofw(W, M) > u is simple, which leads td/ %~ W hence
StHu W.

AssumeS = WM. By definition, the lower bound is violated, i.es( WM, S) < I/,
wherel’ = | — ZM?M wy,. LetI = I, U I, wherel, = S, andI, = M,. Since
w(WM, 8) = w(W! ) andw(WM,S) < I', we havew(W?!,S) < I'. Then, from
I, = M, and the assumptiofl = W™, we getS [~ WZ. It then follows fromI, = S,
that! [~ W. By construction, we hav€nDom (W) C I C MNDom(W), and therefore
we concludes (= W.

(i) AssumesS ) W and W is strongly satisfiable by/. We showsS £ W, We have
eitherS = Wor S &= W.If S = W then clearlyS = W*. AssumeS = W. Then
from S Wy W, we havedl, SN Dom(W) C I C M N Dom(W), such thatl [ W.
SinceW is strongly satisfiable by/, if M |= W thenforanyR = M\V, whereV C M,
w(W,R) < u. AssumeM = W. LetR be such thaf?, = I, andI, C R,. ltis clear
thatw (W, R) < u leads tow(W,I) < u. Thus, sinceM = W, that! [~ W is due to
the violation of the lower bound, i.ey( W, 1) < .

Now considell’ = S, U My, i.e., we restric, to S, and expand, to M,. Note that by
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construction, it still holds thaf " Dom (W) c I’ C M. Clearly, thatl = W leadstal’ j~=
W, which is due to the violation of the lower bound,@§W,I') < w(W,I), i.e., we
havew (W, I’) < 1. By definition, we haves (W', 1) < I, wherel’ = | — D bigr W
Note that sincel; = M,, we havel’ = [ — ZWM wp,. Sincel!, = S,, it follows
thatw(W?!',S) < I'. Now sinceW !’ is precisely the same constraint #5", we have
w(W!', ) =w(WM,S), and therefores( W™, §) < I'. This showsS = WM. [0

Theorem 1

Let P be a weight constraint program aifl C At(P). Suppose for any weight constraint
W appearing in the body of a rule iR, W is strongly satisfiable by/. Then, M is a
stable model of iff M is an answer set aP.

Proof

Due to Propositiohl1, we only need to prove the claim for basiight constraint programs.
AssumeP is a basic weight constraint program alida model ofP such that all weight

constraints inP are strongly satisfiable by/. It suffices to prove that for any positive

integerk, Tr, (0) = K£(0, M), by induction onk.

Base case: = 0. We haveT%,, (0) = K} (0, M) = 0.

Induction StepAssume, for any: > 0, Tf,,(0) = K£(0, M), and prove thaf' ;' (1) =
KET(0, M). Leta be an atom such that¢ T%,, (0) anda € T1f;'(0). Then there exists
aruler € P such thats € lit(hd(r)) and Tr, (0) = WM, for eachW € bd(r). It then
follows from part (i) of LemmaR thaf's,, () =1, W. ThenK} (0, M) =a W by the
induction hypothesis. Sa, € K5 (0, M). Thus 755 (0) € K5 (0, M). Similarly,
we can showk ;! (0, M) C Tpi"(0) using part (i) of Lemmal2. Thud'p i (0) =
KEH(0, M).
We therefore conclud@&ps, (0) = K2°(0, M). O

The following theorem follows from Theoremh 1 and the defamitof strongly satisfiable
programs.

Theorem 2
Let P be a strongly satisfiable weight constraint program &hd- At¢(P). M is a stable
model of P iff M is an answer set a?.

3.2 When Semantics Disagree

It has been shown that for logic programs with arbitrary itzstconstraints the semantics
based on conditional satisfaction are the most consesaiatihat the answer sets under this
semantics are answer sets/stable models of a number ofsatimemtics (Son et al. 2007).

It is then expected that the same holds true for programsaaiticrete constraints such as
weight constraints.

Theorem 3
Let P be a weight constraint program. Every answer seP @ a stable model oP, but
the converse does not hold.
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Proof

Let M be a set of atoms. Using part (i) of Leminh 2, it is easy to shovinbyction
that for any positive integekr, we haveK (0, M) C Tk, (0). For the converse, see the
counterexample in Examlé 3 below[

Question arises as why some stable models are not answekatetsin Sectiofl 6, we
will give a technical answer to this question. Here, we sgggeat in these extra stable
models there may exist circular justifications. Considerftilowing example.

Example 3
Let P be a single-rule program:

a + [not ¢ =1]0 (10)

Let My = @ and My = {a}. The weight constraininot « = 1]0 in P is not strongly
satisfiable, since although, satisfies the upper bound, its subsét does not. Both\/;
and M, are stable models by Definitigh 1. Note that this is beca¥e = () and PM2 =
{a «}. But, M is an answer set antd is not, by Definitiori b.

The reason that/, is not an answer set d? is due to the fact that is derived by its
being in M. This kind of circular justification can be seen more intgty below using
equivalence substitutions.

e The weight constraint is substituted with an equivalentregate:
a+ COUNT{X|XeD})=1

whereD = {a}.
e The weight constraint is transformed to an equivalent orthauit negative literal,
but with a negative weight, according to (Simons et al. 2002)

a <+ [a=-1]-1

e The weight constraint is substituted with an equivalahstract constraint atom
(Marek and Truszczynski 20 ﬁl)

a < ({a},{{a}})

For the claim of equivalence, note that for any set of atdfisve have:M = [not a =
110iff M = [a=—-1]-1iff M E COUNT({X|X € D}) =1iff M = ({a},{{c}}). O

For logic programs with abstract constraint atoms, it iiofsaid that all of the major
semantics coincide for programs with monotone constralftsexample, this is the case
for the semantics proposed [n (Faber et al. 2004; Marek anghi®d 2004, Ferraris 2005;
Marek et al. 20077; Liu and Truszczyhski 2006; Son et al. 2@0ién et al. 2009; Liu et al. 2010).
What is unexpected is that this is not the case for the stabtiehsemantics for weight con-
straint programs. By the standard definition of monotowjtite constrainfnot « = 1]0
is actually monotone!

3 An abstract constraint atois a pair(D, C'), whereD is a finite set of ground atoms called themain and
C'is a collection of subsets dP called admissible solutiondn this example, the sat = {a} satisfies the
abstract constraint atom, since the admissible solytiopin it is satisfied by .
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One may think that the culprit fal/; above is because it is not a minimal model. How-
ever, the following example shows that stable models tratranimal models may still be
circularly justified.

Example 4
Consider the following weight constraint progrdpr(obtained from the one in Examgle 3
by adding the second rule):

a + [not ¢ =1]0 (11)
f < not f,not a (12)

Now, M = {a} is a minimal model ofP, and also a stable model &f, but clearlya is
justified by its being im//. [

We now give a more formal accountafcular justificatiorfor stable models, borrowing
the idea ofunfounded setpreviously used for normal programs (van Gelder et al. 1991)
and logic programs with monotone and antimonotone aggeed@&alimeri et al. 2005).

Definition 7

Let P be an weight constraint program afnfia stable model oP. M is said to becircu-
larly justified or simplycircular, if there exists a non-empty sét C M suchthav¢ € U,
M \ U does not satisfy the body of any rute= P such thaty € lit(hd(r)). OtherwiseM
is said to benon-circular

Proposition 2
Let P be a weight constraint program anfl a stable model oP. If M is an answer set of
P, thenM is not circular.

Proof

Let P be a weight constraint program afd an answer set oP. Assumel/ is circular.
Then there exists a non-empty sub8et M suchthat'¢ € U, M\ U does not satisfy the
body of any rule € P such that € lit(hd(r)). By a simple induction on the construction
of K2°(0, M), it can be shown that for each of sughwe havep ¢ Kg°(, M). This
contradicts the assumption thit is an answer set. [

Exampld_8 shows that extra stable models (the stable mduslate not answer sets) of
a program may be circular. However, not all extra stable risodiee necessarily circular,
according to Definitiof]7. Therefore, the notion of circithagiven in Definition[T only
serves as a partial characterization of circular justificat

Example 5

Consider a weight constraint prograPrthat consists of the following three rules.
b + 1[notb=1] (13)
b <« [notb=1]0 (14)

M = {b} is a stable model but not an answer sePoHowever, it can be verified thaf
is not circular under Definitionl 74 can be derived from the first rule if we don’t habe
and by the second rule if we do.[]

We shall comment that other forms of non-circular nature rdveer sets have been
formulated in different ways, e.g., by the existence of a&lewapping[(Son et al. 2007)
and by a translation of a constraint to sets of solutionsoiPet al. 20083).
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3.3 Other Justifications

A semantics is a formal account of intuitions of what justifions for atoms in a stable
model ought to be. For weight constraint programs, thereiffierent intuitions.
Consider the single-rule prografin Exampld 8 again

a + [nota=1J0 (15)

One possible interpretation of howis “justified” to be in a stable model is by using the
transformation proposed in (Marek et al. 2007). By the timmsation, P is translated to
P*, which consists the following rules:

a « [b=1]0 (16)
b+ 0[a=1]0 (17)

It can be verified that the séf = {«} is a stable model oP*. The justification ofa
is: given M, b cannot be in any stable model &f by the second rule, them can be
derived by the first rule. Note that the above transformaitidroduces the new atorh
in the translated prografi*. It assumes thatot « implies something new to the original
program. The justification of atomdepends on the truth status of the new atoMhether
such a justification is intuitive seems arguable.

Another justification of: is by transforming the prograif to a program with nested ex-
pressions (Ferraris and Lifschitz 2005). We will discuss ithmore details later in Section
6.4.

For this example, we also note that the 3&t= {a} is not an answer set under any
semantics based on computations studied in (Liu et al.|2010)

4 Transformation to Strongly Satisfiable Programs

We show that the gap between the answer set semantics andhteeraodel semantics can
be closed by a transformation, which translates a weighstcaimt program to a strongly
satisfiable program whose stable models are free of cirgusdifications. In this way,
we are able to apply current ASP systems that implement #iBestodel semantics to
compute answer sets for weight constraint programs. Iriqodat, later on we will use
strongly satisfiable programs to represent aggregateg@mugyiso that an implementation of
aggregate programs can be realized by an implementatiorigfivconstraint programs.

4.1 Strongly Satisfiable Encoding

We present an encoding of a weight constraint, where a weighstraint is represented
by two strongly satisfiable weight constraints. This enngdiaptures conditional satis-
faction for weight constraints in terms of standard satigé@. In other words, for weight
constraints, the encoding allows conditional satisfactmbe checked by standard satis-
faction.

Definition 8
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Let W be a weight constraint of the forrhl(1). Tl¢rongly satisfiable encodingf W,
denoted W;, W,,), consists of the following constraints:

Wi llay = we,, - -+, an = W, , N0t by = wp,,NOt by = wy, ]

Wyt —u—+ >0 Wa, + Y iy wp, [NOt a1 = wg,, -+ +,NOt @y, = wg,, b1 = Why,* * +, by, = Wy, ]

Intuitively, W; and I, are to code the lower and upper bound constraini§’ofespec-
tively. It is easy to verify that the encoding is satisfantjoreserving, as shown below.

Lemma 3
Let W be a weight constraint,W;, W,,) be its strongly satisfiable encoding, ahfibe a
setof atomsM = W iff M = W, andM = W,.

Proof
The satisfaction o#¥/; is trivial, since I, is just the lower bound part df. We show that
W, is the upper bound part di/. Note that the upper bound part &f is

Dic1 @i Wa, + 00 b (—wp,) S u— 3wy, (18)
which is equivalent to
—u+ 2211 Wy, < Z?:l a; - (_wai) + Z?il bi - Wo; (19)

By the transformation that eliminates the negative wei¢ihtsoduced in Section 2,.1), the
constraint[(IP) is equivalent to the weight constrdirif. O

Using Lemmak12 arld 3, we establish the following theorem.

Theorem 4
Let W be a weight constrain{,iW;, W,,) be the strongly satisfiable encoding¥f, and.S
andM be two sets of atoms such th&tC M. S =y Wiff S = WM andS E WM.

Proof
(=) Since WM is the same as$¥’ ", by part (i) of LemmdR, we havé = WM. In the
following, we showsS = WM.

AssumeS ) W andS C M. Then, by definition, we hav8 = W, andV/ such
thatSNlit(W) C Tandl C M nlitg(W), I = W.Letl = I, U I, such thatl, =
Sy andI, = M,. Under this notation, from the assumptién=;;, W andS C M,
we getSNLt(W) C ITandlI C M N lit(W). It follows thatw(W,I) < u, thatis,
> aer, War + D pqq, wo, < u. ThisimpliesyS, . we, + 32, 25, < u, fromwhich the
following inequations can be derived

Z?:l Wa; — ZaigMa Wq; + Zzn:l Wp; — Zbiesb W, <u

Dohes, W > —u+ D00 wa, + D00 wh, — > g, Wa,

Dobies Wo, = —u+ 3y Wa, + D00 wh = 0, oy Wa,
The last one shows§ = WM.

(<) AssumeS = WM andS | WM. Since neither has an upper bound, both of them
are strongly satisfiable. From part (i) of Lemia 2, we h&vie-,, W, andS =y W,. It
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then followsvI suchthatS N lit(W) C Tandl C M Nlit(W), I = W, andl = W,.
Then by Theoreml3, we havé such thatS N lit(W) C Tandl C M Nkt(W), I = W.
This showsS =y W. O

4.2 Transformation for the Answer Set Semantics

Using the strongly satisfiable encoding of weight constsaia weight constraint program
can be translated to a strongly satisfiable program, so lleaaniswer sets of the original
program are precisely the stable models of the translategt@m and vice versa..

Definition 9

Let P be a weight constraint program. Tls&ongly satisfiable translatiaf P, denoted
Tr(P), is the program obtained by replacing ealdhin the body of rules inP by the
strongly satisfiable encoding 67 .

Theorem 5
Let P be a weight constraint program ai a set of atomsM is an answer set aP iff
M is a stable model of r(P).

Proof

Due to Propositiohl1, we only need to prove the claim for basiight constraint programs.
Using Theorermh4, we have a one-to-one correspondence bethederivations based

on conditional satisfaction (Definitidd 4) and the derigas in the construction of the

least model (Definitiohl1), which can be shown by an easy itidnon the length of these

constructions. [

Example 6
Consider a progran® with a single rule:
a < 0[not a = 3]2
Tr(P) consists of
a + 0[not a = 3], 1[a = 3]
The weight constraints iffr(P) are all upper bound-free, hen@&(P) is strongly satis-

fiable. Both() and{a} are stable models a?, but() is the only stable model ofr(P),
which is also the only answer set 8f [

5 Representing Aggregate Programs by Weight Constraint Prgrams

In this section, we propose an approach to computing theerrssts of an aggregate pro-
gram. For this, we translate an aggregate program to a $yreatisfiable weight constraint
program and then compute its stable models as answer sets.

5.1 Aggregates as Weight Constraints

This section shows that the aggregates can be encoded dast weitstraints. In the fol-
lowing, given setsV and$, it is convenient to express the sHft, restricted taS, as Mg
which is defined by\/ N S.
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Definition 10

Let A be an aggregate in the forf (7). A set of weight constrajitg, - - -, W,,} is an
weight constraint encodin@r encoding of A, denotede(A), if for any modelM of A4,
there is a modeM” of e(A) such thatM;, ., 4, = M, and for any model’ of e(A),
M/p 4y IS @ model ofA.

We show the encoding of aggregates of the fdrin (7), where pleeatorop is >. The
encoding can be easily extended to other relational opmratacept for the operatgé
(more on<# later in this section). For example, aggreg&téV ({ X |p(X)}) > k can be
expressed aSUM ({Y|p(Y)}) > k + 1.

The encoding works for the aggregates whose variable doowaitains only integers.
For the aggregates whose variable domain contains real ensidmach real number can be
converted to an integer by multiplying a factor. In this gabe Result (in the formulal(¥))
also needs to be processed accordingly.

For convenience, below we may write negative weights in tmaignstraints. Recall that
negative weights can be eliminated by a simple transfoonati

SUM,COUNT,AVG
These aggregates can be encoded by weight constraints détely.
For instance, aggregafd&’M ({ X |p(X)}) > k can be represented by

k[p(a’l):alv"'ap(a’n):a’n] (20)

where the domain of the aggregate jfa;), - - -, p(a,)}-

Note that, a multiset i UM ({ X |p(X)}) > k can be encoded directly by a weight
constraint, since the latter does not require distinctditein it. For example, for the ag-
gregated = SUM (X |p(X)) > k whereX is defined by the multisetp(1), p(1), p(2)},
the aggregate can be encoded by the weight conskhifit) = 1,p(1) = 1, p(2) = 2].

We note that aggregat€ O UNT ({ X |p(X)}) > k andAVG({X |p(X)}) > k can be
encoded simply by substituting the weights[inl(20) witanda; — & (for AVG the lower
boundk is also replaced by zero), respectively.

MAX
Let A = MAX({X|p(X)}) > k be an aggregate. The idea in the encodingl a$ that
for a set of number§ = { a1, - - -, a,, }, the maximum number if§ is greater than or equal

to k if and only if

n

S (ai—k+1)> = fa—k+1] (21)
=1

i=1

For each atomp(a; ), two new literalsp™ (a;) andp~(a;) are introduced. The encoding
e(A) consists of the following constraints.

O[p(ai):_1ap+(ai):1ap7(a'):1]071Sign (22)
Olp(a;) = —di,pT(a;) =d;],1<i<n (23)
0[p(a;) = di,p~ (ai) = —d;],1 <i<n (24)
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Lp(a) = di,p* () = di,p~ (a) = —di,
< plan) = nvar(an) = dn,p~ (an) = —dy] (25)
1[p(a1):17"'ap(an):1] (26)

whered; = a; — k + 1.

In the following, for any modelM of such an encoding, = 1 meanss € M anda = 0
meansa ¢ M.

The constraint$ (22) (23) arld{24) are used to entadek +1|. Clearly, ifa; > k—1,
we havep™ (a;) = p(a;) andp~(a;) = 0;if a; < k — 1, we havep™ (a;) = p(a;) and
pt(a;) =0;andifa;, = k — 1, we havep™ (a;) = p(a;) or p~(a;) = p(a;).

The constrain{25) encodes the relatibnl (21) and the cains{28) guarantees that a
model ofe(A) is not an empty set.

MIN

Let A = MIN({X|p(X)}) > k be an aggregate. The idea in the encoding f that for
a set of numbers§ = {ay, - - -, a, }, the minimal number irf’ is greater than or equal to
if and only if

n

D (4 —k) = la— k| (27)
=1

i=1

Similar to MAX, the aggregatd/IN can be encoded by the following weight con-
straints.

0[pT(a;) =1,p (a;) = 1,p(a;) = -1]0,1 <i<n (28)
0lp™ (@) = di, p(a;) = —di},1 <i<m (29)
0[p~ (@) = —di,p(a;) = di],1 <i<mn (30)

Olp(a) = di,p™(a1) = —dr,p™ (1) = di,
o p(an) = dn,pT(an) = —dn, p” (an) = d,]0 (31)
lp(a) =1, plan) = 1] (32)

whered; = a; — k.

The constraint{(28)[(29) and (30) are the same to the firstethonstraints in the en-
coding of MAX (except for the value of;), respectively. The constrairii (31) encodes the
relation [2T) and the constraini({32) guarantees that a hodd€ A) is not an empty set.

We note that all the encodings above result in weight comsgravhose collective size
is linear in the size of the domain of the aggregate being déet.o

In the encoding of\fA X (similarly for MIN), the first three constraints are the ones
between the literap(a;) and the newly introduced literals™ (a;) and p~(a;). We call
them auxiliary constraintsThe last two constraints code the relation betwgés) and
p(a;), wherei # j. We call themrelation constraintd_et A be an aggregate, we denote
the set of auxiliary constraints if( A) by a(A) and the set of relation constraints b4 ).
If Aisaggregat&UM, COUNT, or AVG, we have that(A) = e(A), because no new
literals are introduced in their encodings.
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Theorem 6

The set of weight constrairft (R0), the set of weight constsafirom [22) to[(26), and the
set of weight constraints frorh (28) 1o (32), are weight caaist encodings (Definitiojn 10)
of the aggregateSUM, MAX , and MIN, respectively.

Proof
The proof for the encoding of aggrega&M is straightforward. The proof for the encod-
ing of aggregaté/IN is similar to that forMA X, which we show below.

Let M be a set of atoms anl{ = A. Suppose(a;) € M anda; > k. Then, we can
constructM’ as follows:

1. p(a;) € M’ andp*(a;) € M', if p(a;) € M anda; > k;
2. p(a;) € M andp~ (a;) € M, if p(a;) € M anda; < k.

We uselV; to W5 to denote the weight constraints [n122)[tol(26).

It is easy to check that the weight constraiits, W,, and W3 are satisfied by\/’.
Sincea; > k, we havep(a;) € M’ andp™(a;) € M'. ThereforeW, and Ws are also
satisfied byM'. SoM’ = e(A).

Let M’ be a set of atoms antl’ |= e(4). Since M’ satisfiesW;, W» and W5, we
havep™ (a;) = p(a;) andp~(a;) = 0, for a; > k; p~(a;) = p(a;) andp™(a;) = 0, for
a; < k—1;andp™(a;) = p(a;) or p~(a;) = p(a;), if a; = k — 1. SinceM’ = W, and
M' |= Ws, there mustbe an suchthat; > kandp(a;) = 1. Thatis,p(a;) € My, 4)-
Then, we havél = A. [

5.2 Aggregate Programs as Weight Constraint Programs

We translate an aggregate progrdirto a weight constraint program, denote@), as
follows:

1. For each rule of the forri(8) iR, we include inr(P) a weight rule of the form

h < 1(A41), -, r(Ay) (33)
wherer(4;) is the conjunction of the weight constraints that encodeatigregate
A;;and

2. Ifthere are newly introduced literals in the encodingggregates, thauxiliary rule
of the form

W+ p(a;) (34)
is included in7(P), for each auxiliary constrainty’ of each atonp(q;) in the ag-
gregates.

Note that a weight constraint prografhcan be translated to a strongly satisfiable pro-
gram using the translatiofi-( P) given in Sectiofi /4.
We have the following theorem establishing the correctoétise transformatior.

Theorem 7

Let P be an aggregate program where the relational operator g riedr any stable model
M of Tr(r(P)), M apy is an answer set aP. For any answer se¥/ for P, there is a
stable model’ of Tr(7(P)) such thatM/,, p) = M.
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Proof

The rules of the form[(33) are the translated counterpatefrtiles inP. The auxiliary
rules of the form[(34) are added to enforce the auxiliary trairgs.

Note thatTr(7(P)) is a strongly satisfiable program. Then the theorem follawsf
Theoreni b and Theorem 6.00

Remark For an aggregate where the relation operator is g0t the aggregate can be
encoded by a conjunction of weight constraints as we havershio this section. In this
case, logic equivalence leads to equivalence under condltsatisfaction. That is why we
only need to ensure that an encoding is satisfaction-prieger

For an aggregate where the relation operatogd’s two classes are distinguished. One
consists of aggregates of the forf@®UNT(-) # k. For these aggregates, the operator
'’ can be treated as the disjunction of the operatorsand '<’. Consider the aggregate
A= COUNT(-) # k. Aislogically equivalenttod; V Ay, whered; = COUNT(-) > k
and4; = COUNT(:) < k. Let R and S be two sets of atoms, it is easy to show that
R s Aiff R Eg Ay or R =g As. The other class consists of the aggregates of the
formsSUM (-) # k, AVG(:) # k, MAX(-) # k, andMIN (-) # k. For these aggregates,
the operator=’ cannot be treated as the disjunction of 'and '<’, since the conditional
satisfaction may not be preserved. Below is an example.

Example 7

Consider the aggregates= SUM ({ X |p(X)}) # —1, 41 = SUM({X |p(X)}) > —1,
and A, = SUM({X|p(X)}) < —1. Note thatA is logically equivalent tod; V As.
ConsiderS = {p(1)} andM = {p(1), p(2), p(—3)}. While S conditionally satisfiesA
w.r.t. M (i.e.,S E=u A), itis not the case tha§ conditionally satisfiesi; w.r.t. M or S
conditionally satisfiesls w.r.t. M. [

6 Transformation to Programs with Nested Expressions

In this section, we further relate answer sets with stabléetsin terms of logic pro-
grams with nested expressions. We formulate a transfoomafi weight constraint pro-
grams to programs with nested expressions and compareghi&drmation to the one in
(Ferraris and Lifschitz 2005). The comparison revealstiaudifference of the semantics
lies in the different interpretations of the constraint be tipper bounds of weight con-
straints in a program: while our transformation interpietirectly, namely as “less than
or equal to”, the one in_(Ferraris and Lifschitz 2005) intetp it as “not greater than”,
which may create double negations (the atoms that are prdd®chot not ) in nested
expressions. Itis the semantics of these double negatiandifferentiates the two seman-
tics.
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6.1 Stable Model Semantics for Programs with Nested Expiass

In the language of nested expressioagmentary formulaare aton@ and symbolsl
(false) andT (true).Formulasare built from elementary formulas using the unary connec-
tive not and the binary connectives , (conjunction) and ; (disjworgti

A rule with nested expressions is of the form

Head < Body (35)

where bothBody and Head are formulas. For a rule of the form [35), we uséd(r) and
bd(r) to denote thelead and theBody of r, respectively.

A program with nested expressions is a set of rules with destpressions.

The satisfaction of a formula by a set of atoifsis defined as follows:

foraliterall, M =1lifle M
MET

ML
ME(F,G)if M | FandM E G
ME(F;G)f MEForM[E G
M Enot Fif M £ F.

The reduct of a formuld with respect to a set of atonig, denotedF ™, is defined
recursively as follows:

for an elementary formul@, FM = F
o (F,G)M =FM gM
o (F;G)M = FM, gM

e (not F)M :{

The reduct of a prograr® with respect to a set of atondd is the set of rules

1, ifMEF,
T, otherwise.

Head™ < Body™ (36)

for each rule of the forni(35) i.
The concept of a stable model is defined as follBws.

Definition 11((Ferraris and Lifschitz 2005))
Let P be a logic program with nested expressions afdh set of atoms)M is a stable
model of P if M is a minimal model ofP™.

6.2 Direct Nested Expression Encoding

We present a nested expression encoding, callediteet nested expression encodifg
weight constraints. We show that conditional satisfactiéra weight constraint can be
captured by the standard satisfaction of the reduct of theding of the weight constraint.

In the rest of the paper, we will use the following notatioor & set of literalsX, we
defineX* = {ala € X} andX~ = {a|not a € X}

4 In the original syntaxX (Lifschits et al. 1999), elementamyniiulas can be atoms or atoms with classical negation
—. The classical negation is irrelevant here.

5 In the literature, the terranswer seihas been used. Here, we usable modeio avoid possible confusion with
the answer sets defined In (Son et al. 2007).
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Definition 12
Given a weight constraint/ of the form [1), thenested expression encodiafy W, de-
noted NE( W), is the formula

ixcat(W)and X =w [(aiex i), (be(ar(wyx) NOL b;)] (37)
whereAt( W) is the set of atoms iy [9
Intuitively, NE( W) is a nested expression representing the sets that s&fisfy

Example 8
Let W = 1[a = 1, b = 1]1 be a weight constraint. The subsetsdf W) that satisfyW
areX; = {a} and Xy = {b}. ThusNE(W) = a,not b; b,not a. [

An interesting result of the directed encoding is that fer thsulting nested expression,
conditional satisfaction is precisely the satisfactiortte reductof the expression. That
is, given a weight constrain’ and two sets of atom§ C M, S =5 W if and only if
S = NE(W)M,

Before giving this result, we prove a lemma first.

Lemma 4

Let W be a weight constrainfyE( W) its nested expression encoding, di@;, W,,) its
strongly satisfiable encoding. Then, for any two sets of atSrand M such thatS C M,
S E NE(W)Miff S = WM andS = WM.

Proof
In this proof, given a weight constraimt’” of the form [1), we denotéV+ = {a;,- -, a,}
and W~ = {by,---, b, }; we expressVGE( W) as a disjunction of conjunctions;’s, i.e.,
NE(W) =;1<i<k Xi, for somek > 0. For notational convenience, such a conjunction
may be referred to as a set as well, i.e., given a conjunctipe= z1,- - -, z,,, we may
use the sam&; to denote the seftz;, - - -, z,, }, and vice versa. Given a sgf we use the
notationnot (S) = {not a|a € S}.

Since the proofis mainly about mathematical transfornmafimr convenience, we present
it as a set of mechanical inferences.

(=) We give a detailed proof faf = WM. The proof ofS = WM is similar.
(1) AssumeS = NE(W)M andS C M.
(2)3X € {Xy,- -+, X;} such thatS = X, due to (1) and the definition GYE(W).
(38)Vb € X—,we haveb ¢ M, thatis, X~ C W, \ M,, due to (2).
(4) X+ C S, dueto (2).
(5) w(W;, X) > [, due to (2).
(6) > 0, cx+ Wa, + D pex— Wy, > [, dueto (5).
(M) D aex+ Wa <D 4 e Way, dueto (4).

6 For a more readable notation, let us ($e,,,q Fxp) for (;cong Erp) and(¥ oonq Exp) for (,cona Exp). Then
we can rewrite this formula as

Dxcarwyand x=w [(Wa;ex i), (Yp, eae(w)\x)NOt b;)]
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(@)Y pex— Wb <D pgny, w, WhereM, = M 0 W™, due to (3).
(9) X ue5 Was + D pgns Wy, > 1, due to (6), (7) and (8).

(10) 3", c5 Wa, > 1= 30 we,, due to (9).

(1) w(WM,8) > 1= 32,05 wr,, due to (10).

(12) S = WM, dueto (11).

(<)
(1) AssumeS = WM, S = WM andS C M.
(2) > 0cs Wa, + 2 pgar Wy, = 1, due to (1).
() =2 hes Wo < U= Dl Wa, — Dty W + D0, 0y Way, due to (1).
(B) X em Wai + 225,25 Wb, < u, due to (3).
(B)LetX = Sunot (WTuU W~)\ M).
(6) D" aex War + D pax Woi < D gcnr Way + Dy, 25 Wh,, due to (5) and (1).
(7) 2 a.ex Wai + 2 pgx Wy, < u, dueto (4) and (6).
()1 < X nex Wa, + 2 pgx Wy, < u, dueto (2) and (7).
(9) X = W, dueto (8).
(10) X € {Xy,- - -, Xi }, due to (9).
(11)S = XM, due to (5).
(12) S = NE(W)M, dueto (11). O

Theorem 8
Let W be a weight constraint, anfl and M two sets of atoms. Therfy =5 W iff
S = NE(W)M,

Proof
This follows from Theorerhl4 and Lemrha 4.0

6.3 Transformation for the Answer Set Semantics

Using the direct nested expression encoding of weight cainss, a weight constraint
program can be translated to a program with nested exprsssoch that the answer sets
of the original program are precisely the stable models ettanslated program and vice
versa.

Definition 13
Let P be a weight constraint program anéh rule of the form[(B) inP. Thenested expres-
sion translation of., denotedVE(r), is the rule of the form

(ll; not ll), SRR (lp, not lp), NE(W()) < NE(Wl), SRR NE(Wn) (38)
wherel;, - - -, I, are the positive literals if.
Intuitively, the conjunctive ternfi;; not &), - - -, (l,; not ) represent that we are free

to choose the atoms in the head of the rule to include in an ensst.
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Definition 14
Let P be a weight constraint program. Tlnested expression translation Bf denoted
NE(P), is the program obtained by replacing each nule P by NE(r).

Let P be a weight constraint program,a rule in P, and M a set of atoms. By the
definitions of NE(r) and the reduct of a nested expression, we know that the reduct
NE(r) w.rt. M, denotedVE (7)™, is the rule of the form

ll’---,lp/,NE(WO)M<_NE(W1)M1'..’NE(W”)M (39)

where{l,- - -l,,} = M N lit(Wy). We will use this fact in the proofs below.

Our main result is that the answer sets of a weight constpaggram coincide with the
stable models of its nested expression translation. Thkstihis, we need to show a one-
to-one correspondence between the least fixpoint of theatpek” applied on a weight
constraint program is the unique minimal model of the redfdts nested expression
translation.

To show the main theorem, we prove two lemmas firstly. One shbes coincidence of
the satisfaction of a weight constraint, its nested exjwassncoding, and the reduct of
the nested encoding. Then using this lemma, we show theideimee of the models of a
weight constraint program, its nested expression translaand the reduct of its nested
expression translation. The later lemma helps to estathisskkorrespondence between the
least fixpoint of the operatd’ and the minimal model of the program reduct.

Lemma 5
Let W be a weight constraint of the forifnl (1y,E (W) its nested expression encoding, and
M asetatoms. Thed/ |= W iff M |= NE(W)iff M = NE(W)M.

Proof
ThatM = W iff M |= NE(W) follows directly from the definition ofVE( ). We give
a proof of the claimV/ = NE(W) iff M = NE(W)™. SupposeVE(W) = Xi;--+; Xj.

(=) SinceM = NE(W), there is anX € {Xi,- - -, Xz} such thatX* C M and
X~ N M = (. By the definition of the reduct of a nested expression, we fév= X
and thenM = NE(W)M.

(«) SinceM | NE(W)M, thereis anX € {Xj,- - -, X} } such thatV = X*. By the
definition of reduct, we hav& ™ C M and X~ N M = (. ThereforeM = X and then
M = NE(W). O

Lemma 6
Let P a weight constraint program and a set of atomsM | P iff M = NE(P) iff
M = NE(P)M.

Proof
The equivalencé/ = P iff M = NE(P) holds simply becaus&'E(P) is satisfaction-
preserving. We give a proof of the statemént= NE(P) iff M = NE(P)M.

(=) SupposeM = NE(P).Letr™ € NE(P)M be a rule of the form[{39). IV =
NE(W;)M forall 1 < i < n, then by Lemm&l5, we hav®l = NE(W;) forall 1 <
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i < n.SinceM = NE(P), thenM = NE(Wy). Again by Lemmdb, we know/ =
NE(Wo)M. Since{h, -, } = M Nlit(Wy), we haveM = hd(r™). AsrM is arbitrary
in NE(P)M, we concludeV = NE(P)M

(<) SupposeM = NE(P)M. Letr € NE(P) be a rule of the form[{38). I/ &

NE(W;) forall 1 < i < n, then by Lemmal5, we havkl = NE(W;)™ forall 1 <

i < n.SinceM = NE(P)M,thenM = NE(Wy)™. Again by Lemmdb, we know
M = NE(W,). Itis obvious thatM |=,1<;<n (l;;n0t I;). SOM |= hd(r). As r is any
rule in NE(P), we haveM | NE(P). O

Theorem 9
Let P be a weight constraint prograVE( P) the nested expression translationfyfand
M a set of atoms. Therd/ is an answer set d? iff M is a stable model oNE(P).

Proof

(=) Let P be a weight constraint program aid an answer set oP. ThenM E P and
M =K, p (0, M). By Lemmd .M = NE(P)andM |= NE(P)M. We prove by
contradiction that/ is a minimal model ofVE(P)™. Suppose for som&/’ ¢ M such
thatM’ = NE(P). Note that by Lemm@l6, we also hav€' = NE(P)M. Leta € M \
M'. Then, there exists a rulec P of the form [3) satisfying that € li¢(hd(r)) and3k
such thati’} , p 1y (0, M) [Ear Wi, for all W; € bd(r). Note thati’l |, p (0, M) C
M, hence Theorem8|s applicable, from which we ki, . (0. M) = NE(W;)M
for all W; € bd(r). SinceM’ = NE(P)M, we must havez € M’, which contradicts to
the assumption that € M \ M'. We therefore conclude that is a minimal model of
NE(P)M,i.e.,M is a stable model oNE(P).

(<) Let P be a weight constraint program and suppb&es a minimal model oVE (P)M
By Lemmd®,M is a model ofP. By the definitions of the operatdfp andinst (P, M), we
have K5, p oy (0, M) C M. LetA = K5¥ 1y (0, M). We will prove thatA = M.
For this, let's assume it is not the case, |A ,C M Since M is a minimal model of
NE(P)™, we haveA (= NE(P)M. Then there is a rule of the form [3) inP and its
corresponding ruléVE(r) of the form [39) inNE(P)M such thatA = NE(W;)M for
all W; € bd(NE(r)), andA = hd(NE(r)). SinceM = NE(P)™, for the ruleNE(r),
we haveM = NE(Wy)™. It follows that for someL = {l; - - - I} € M N lit(Wp),
L= NE(Wy)M.As A [~ hd(NE(r)), it must be the case that € L suchthat ¢ A. By
TheoreniB, however, that = NE(W;)M for all W; € bd(NE(r)) leads toA =3 W;
forall W, € bd(r). Then, by the definitions of the operatp andinst(P, M), we must
havel € A. This is a contradiction. Therefore, it must be the case that M, and it
follows thatM is an answer set a?. [

Example 9
Consider the progran® in Examplelb. Its nested expression translat\fi( P) consists
of the following rules.

a (40)
b <« a,notb (42)
b <+ nota,notb;b,nota;a,b (42)



Theory and Practice of Logic Programming 25

It can be verified that the only stable modelE ( P) is { a}, which is also the only answer
setofP. [

6.4 Comparison to Ferraris and Lifschitz's Translation

Ferraris and LifschitZ (Ferraris and Lifschitz 2005) preed a nested expression encoding
of weight constraints. Using this encoding, a weight caistiprogram can be translated to
a program with nested expressions, such that there is aosoeetcorrespondence between
the stable models of the weight constraint program and #td@esmodels of its translated
program with nested expressions.

The difference between our nested expression translatidrFarraris and Lifschitz’s
translation (FL-translation) lies in the interpretatiohtbbe upper bound constraint of a
weight constraint.

To illustrate this difference, let's denote a weight coaistr W of the form [1) by![S]«,
where[S] = [a1 = Wa,, - -+, Gn, = W,,, N0t by = wy,, - - -, NOt by, = wp,, |. We call that
[[S] and[S]u the lower bound constraint and upper bound constrairi¥ofrespectively.
Obviously, the lower bound and upper bound constraintslaceveeight constraints.

In our translation, the upper bound constrdifitu is directly encoded by the sets of
atoms that satisfy it. In the FL-translatid§]« is encoded asot u + 1[S], whereu + 1[5]
is further encoded as the sets of atoms that satisfy the wedgistraint: 4+ 1[S], possibly
creating double negations.

This difference is thenly reason that the stable models of our translated program are
the answer sets of the original program while the stable fsaafehe FL-translated pro-
gram are the stable models of the original program. It shbeldlear that the extra stable
models that are not answer sets are created by double meggtoerated by the indirect
interpretation in the FL-translation.

We use the following example for an illustration.

Example 10
Consider the program® in Exampld_38, which consist of a single rule

a+ [nota=1J0 (43)
By our translation NE(P) consists of
0 a (44)

The only stable model oNE(P) is (), which is the unique answer set 6f By the FL-
translation, the translated progrdMis

a < not not a (45)

The stable models af’ are) and{a}. Among them, the sefta} is not an answer set, but
it is justified by the stable model semantics through the tooegatiomot not . O

7 Experiments

The theoretical studies show that an aggregate programecaaislated to a weight con-
straint program whose stable models are precisely the arsstseof the original program.
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This leads to a prototype implementation CaIJJ&EPARSIﬂ to compute the answer sets for
aggregate programs. KLPARSE, an aggregate program is firstly translated to a strongly
satisfiable program using the translation given in Se¢flahén the stable models of the
translated strongly satisfiable program are computed @ingSP solver that implements
the stable model semantics for weight constraint programthe next two subsections,
we UseSMODELS version 2.34 andLASP version 2.0.3 respectively as the underlying
ASP solver ofALPARSE and compare\LPARSE with the implementations of aggregate
programssMODELS” andDpLv version 2007-10-1.

The experiments are run on Scientific Linux release 5.1 wiiH3 CPU and 1GB
RAM. The reported time oALPARSE consists of the transformation time (from aggre-
gate programs to strongly satisfiable programs), the griogrtime (calling toLPARSE
version 1.1.2 forsMODELS and GRINGO version 2.0.3 forcLASP), and the search time
(by SMODELSor CLASP). The time ofsMODELS” consists of grounding time, search time
and unfolding time (computing the solutions to aggregafBs® time ofbLv includes the
grounding time and search time (the grounding phase is pairated from the search in
DLV). All times are in seconds.

7.1 ALPARSE based OrsMODELS
In this section, we compare our approach with two systemsDELS? andDLV.

Comparison with SMODELS*

We compare the encoding approach proposed in last sectibie tanfolding approach
implemented in the systemMmoDELS? (Elkabani et al. ZOC@.The aggregates used in
the first and second set of problems (the company control amployee raise problems)
are SUM; the third set of problems (the party invitation problem® &OUNT, and the
fourth and fifth set of problems (the NM1 and NM2, respectiyelre MAX and MIN,
respectively.

The experimental results are reported in Table 1, wheredample size” is measured
by the argument used to generate the test cases. The timtbe aeerage of one hundred
randomly generated instances for each sample size. Thisrelow thatSMODELS is
often faster thasMODELS?, even though both use the same search engine.

Scale-up could be a problem feMoDELS?, due to exponential blowup. For instance,
for an aggregate lik€OUNT ({ala € S}) > k, smoDELS" would list all aggregate solu-
tions(Son and Pontelli 2007) in the unfolded program, whose nmrisb@l’“s‘. For a large
domain$ andk being aroundsS|/2, this is a huge number. If one or a few solutions are
neededALPARSE takes much less time to compute the corresponding weiglsticonts
thansMODELS".

Comparison with bLv
In (Armi et al. 2003) the seating problem was chosen to eteltlee performance of

7 The name stands for computing aggregate programsPRRSE program solvers.PARSEIs the synonym of
weight constraint programs.

8 We should note thatLv is a language that allows to express programs belonging ighehcomplexity class.

9 The benchmarks and programs can be foundwat. cs. nmsu. edu/ ~i el kaban/ asp- aggr. ht m .
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DLV The problem is to generate a sitting arrangement for a nuwibguests, withm
tables ancdh chairs per table. Guests who like each other should sit &zine table; guests
who dislike each other should not sit at the same table. Theegate used in the problem
is COUNT.

We use the same setting to the problem instances as in (A=hi2003). The results
are shown in Tablg]2. “Tables” and “Chairs” are the numberbfas and the number of
chairs at each table, respectively. The instance size isuth#er of atom occurrences in a
ground program. We report the result of the average over ondred randomly generated
instances for each problem size.

The experiments show that, by encoding logic programs vgtregates as weight con-
straint programspLPARSE solves the problem efficiently. For large instances, thaing
time of ALPARSE is about one order of magnitude lower than thabo¥ and the sizes of
the instances are also smaller than those in the languamyeyof

7.2 ALPARSE based oncLASP

We use the benchmarks reported in an ASP solver competitidman all instances for
each benchma@ In the experiments, we set the cutoff time to 600 secondsirdances
that are solved in the cutoff time are called “solvable” ethise “unsolvable”. Tablg 3 is a
summary of the results. In the table, the “Time “ is the avenagning time in seconds for
the solvable instances. It can be seen th&ARSE constantly outperformsLy by several
orders of magnitude, except for the benchmark of Towers oifdia

The systenTLASP has progressed to support aggreg#t&d/, MIN and MAX. The
aggregates used in the benchmarks 8/ except for Towers of Hanoi where the ag-
gregateMAX is used. The aggregafd/M is essentially the same as weight constraints.
We compare theLASP programs with the aggregaléA X and the corresponding trans-
lated weight constraint programs (note that, the answer afethis aggregate program
correspond to those of the corresponding weight constpairgram). The performances of
CLASP on these two kinds of programs are similar.

As we have mentioned, the transformation approach indictiat it is important to
focus on an efficient implementation of aggreg&téV/ rather than on the implementation
of other aggregates one by one, since they can be encodﬁﬂ

8 Conclusion

We have shown that for a large class of programs the stableslhsedhantics coincides
with the answer set semantics based on conditional satsfiatn general, answer sets ad-
mitted by the latter are all stable models. When a stable msdet an answer set, it may
be circularly justified. We have proposed a transformatignwhich a weight constraint

10 The program contains disjunctive head, but it can be easiysformed to a non-disjunctive program.

11 We choose the benchmarks that hawe programs available. The descriptions of benchmarks angrants
can be found &t t p: // aspar agus. cs. uni - pot sdam de/ cont est/

12 The aggregatd’ IMES can be translated t§UM , using a logarithm transformation, thanks to Tomi Janhunen
for the comments during the presentation[of (Liu and You #008
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Table 1. Benchmarks used ByoDELS?

Program Sample Size ALPARSE ~ SMODELS'
Company Contr. 20 0.03 0.09
Company Contr. 40 0.18 0.36
Company Contr. 80 0.87 2.88
Company Contr. 120 1.40 8.14
Employee Raise 15/5 0.01 0.69
Employee Raise 21/15 0.05 4.65
Employee Raise 24/20 0.05 5.55
Party Invit. 80 0.02 0.05
Party Invit. 160 0.07 0.1
NM1 125 0.21 0.1
NM1 150 0.25 0.1
NM2 125 0.30 1.24
NM2 150 0.68 2.36

Table 2. Seating

Tables  Chairs Time Instance Size
ALPARSE DLV  ALPARSE DLV

3 4 0.1 0.01 293 248
4 4 0.2 0.01 544 490
5 5 0.23 0.01 1213 1346
10 5 0.30 0.27 6500 7559
15 5 0.88 1.52 18549 22049
20 5 1.35 4.08 40080 47946
25 5 6.19 58.29 73765 88781
30 5 10.42 110.45 12230 147567

program can be translated to strong satisfiable prograrh,teat all stable models are an-
swer sets and thus well-supported models. We have also giaher transformation from
weight constraint programs to logic programs with nestgaessions which preserves the
answer set semantics. In conjunction with the one giveh @mréffis and Lifschitz 2005),
their difference reveals precisely the relation betweahlstmodels and answer sets.

As an issue of methodology, we have shown that most stand@nmégates can be en-
coded by weight constraints. Therefore the ASP systemsstigiort weight constraints
can be applied to efficiently compute the answer sets of Ipgigrams with aggregates.
The experimental results demonstrate the effectivenetbssodpproach.

Currently, ALPARSE does not handle programs with aggregates BR&V/ (-) # k or
AVG(-) # k, due to the fact that the complexity of such programs is highan NP.
What is the best way to include this practically requirestfer investigation.
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Table 3. Benchmarks from ASP Competition

Benchmarks Number of Instancessowed Instances Time
ALPARSE DLV  ALPARSE DLV
15 Puzzle 11 11 11 0.31 1.16
Schur Number 5 5 4 0.10 0.62
Blocked N-queens 37 37 12 8.94 328.92
Wt. Spanning Tree 30 30 30 0.12 0.17
Bd. Spanning Tree 30 30 5 1.91 414.42
Hamiltonian Cycle 29 29 29 0.84 29.22
Towers of Hanoi 29 29 21 21.61 18.35
Social Golfer 168 129 107 152 14.69
Wt. Latin Square 35 35 18 0.03 105.01
Wt. Dominating Set 30 23 3 0.26 192.53
Traveling Sales 24 24 23 0.11 12.74
Car Sequencing 54 23 0 0.08 -
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