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Abstract. We improve the formulations of loop formulas for weight ctrast
and aggregate programs by investigating the level mappiegacterization of
the semantics for these programs. First, we formulate d teapping character-
ization of the stable model semantics for weight constraiograms, based on
which we define loop formulas for these programs. This apggroaakes it possi-
ble to build loop formulas for programs with arbitrary weigionstraints without
introducing new atoms. Secondly, we further use level magppo characterize
the semantics and propose loop formulas for aggregategmgmhe main result
is that for aggregate programs not involving the inequaligynparison operator,
the dependency graphs can be built in polynomial time. Thisgares to the
previously known exponential time method.

1 Introduction

Logic programming undestable modesemantics has been extended to incorporate a
variety of constraints to facilitate knowledge repres@ataand reasoning. These con-
straints include weight constraints [12], aggregates1114] and abstract constraints
[10, 13]. We refer to logic programs with these constrairstsveight constraint, aggre-
gate and abstract constraint programs, respectively.

Lin and Zhao [6] propose to compute stable models of norngatiprogram as the
model of the loop completion of the program. The loop comgpietonsists of the loop
formulas and the formulas of the completion of the prograim. &nd Truszczyhski
[8] extend the approach to weight constraint programs wlhieeeweight constraints
contain only positive literals and weights. However, inartb transform an arbitrary
weight constraint to a weight constraint with only positiiterals and weights, new
propositional atoms are needed [8, 9]. In theory, new atonferge the search space
for stable model computation. An interesting question igthier the loop formulas for
arbitrary weight constraint programs can be formulatedhwiitt extra atoms.

The method of level mapping has been studied to charactetiabée models [2, 4]
of normal programs. We observe that such a characterizétiolosely related to the
formulation of loop formulas. We present level mapping etégrization of the stable
models of weight constraint programs. The characterindBads to a formulation of
loop formulas for arbitrary weight constraint programstvaitit introducing extra atoms.
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Aggregate programs are closely related to weight condtpaograms, since many
aggregates can be encoded by weight constraints [7]. Thediféerent semantics pro-
posed for aggregate programs [3, 5, 14]. Among them, the sersebased on condi-
tional satisfaction is considered the moshservativg13], in the sense that any answer
set under this semantics is an answer set under others doguvrse may not hold. We
are interested in the formulation of loop formulas for thisrantics. To distinguish
from the stable model semantics of weight constraint prograve call the semantics
answer sesemantics.

Loop formulas for answer set semantics are presented inlfi8je approach, given
a program, the construction of the dependency graph regjo@mmputing what is called
"local power set” for the constraints in the program, to captconditional satisfaction.
The process takes exponential time in the size of the progfégrinvestigate the level
mapping characterization of answer sets and find that, fgreates, the conditional
satisfaction checking can be reduced to polynomial timedsted satisfaction checking.
Based on this finding, we define the levels of aggregates. €fieition induces a for-
mulation of loop formulas, where local power sets are notledeand the exponential
process to construct the dependency graph is avoided.

2 Level mapping induced loop formulas for weight constraint
programs

A weight constraints of the form
lar=wqy s ..., a=wg,, ,NOt bi=wy,, ...,NOt by,=ws, |u (1)

where eachu;, b; is an atom. Atoma; s and not-atomsiot b;s are also callediterals
(positiveand negativeliterals, respectively). We denote Byt (V) the set of literals
in a weight constraint. Each literal in a constraint is agsed with aweight®. The
numberg andwu give the lower and upper bounds of the constraint, respagtiThe
weights and bounds are real numbers. Either of the boundsbmaynitted in which
case the missing lower bound is taken to-b& and the missing upper bound.

A set of atoms\V/ satisfies a weight constraifit of the form (1), denoted/ = W,
if (and only if) I < w(W, M) < u, wherew(W, M) = ZaiGM W, + Zb#M wyp, . M
satisfies a set of weight constraidisif M = W for everyW € II.

A weight constraint progrars a finite set of rules of the form

W0<—W1,...,Wn (2)

where eachV; is a weight constraint. We uskd(r) and bd(r) to denotelV, and
{W, ..., W, }, respectivelyAtom(P) denotes the set of the atoms appearing in pro-
gramP. For the semantics of weight constraint programs, we réfereéader to [12].
Notations: In the rest of this paper, we will use the following notatio@$/en a weight
constrainti¥ of the form (1) and a set of atom¥/, we defineM,(W) = {a; €

! The weights of literals could be negative. It is pointed dwattnegative weights can be elim-
inated by a transformation [12]. We assume that weights arenegative if not indicated
otherwise.
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M | a; € lit(W)} and M, (W) = {b; € M | not b; € lit(W)}. SinceW is always
clear by context, we will simply writd/, and M.
In general, an atom may appear both positively and neggiivalweight constraint.
We call such an atom@ual atom, e.g. atom is a dual atom iri[a = 1,not a = 2|1.
Following the notation in [13], for a set of atond§ and a mapping\ from X to
positive integers, we definH (X) = maz({A(a) | a € X }). For the empty sel, we
definemax()) = 0 andmin(f) = .

2.1 Level mapping characterization of stable models

Given a set of atom&’, alevel mappingf X is a function\ from the atoms inX to
positive integers. Lell be a weight constraint of the form (1)/ a set of atoms ana
a level mapping of\f. Thelevelof W w.r.t. M, denoted.(W, M), is defined as:

LW, M) = min({H(Xa) | X € M, andw(W, X,) > 1+ > wy}). (3)
bieEM\ X,

Proposition 1. Let W be a weight constraint of the form (1)/ and X be two sets
of atomsaw(W™, X,) > IMiff w(W, Xo) > 1+ 32, cap x, o, WhereW is the
reductof W w.r.t. M as defined in [12] and" is the lower bound ofV .

Intuitively, the level of W w.r.t. M depends on the levels of atoms /i that are
necessary to satisfy’* and positive irfy.

Definition 1. Let P be a weight constraint program antd a set of atoms)M is said
to belevel mapping justifiedy P if there is a level mapping of M satisfying that for
eachb € M, thereis aruler € P such that € lit(hd(r)), M = bd(r), and for each
W e bd(r), A(b) > L(W, M).

By Proposition 1, the following theorem can be proved.

Theorem 1. Let P be a weight constraint program and a set of atoms)/ is a stable
model of P iff M is a model ofP and level mapping justified by.

2.2 Loop formulas for weight constraint programs

To characterize stable models by loop formulas, we needdheept ofcompletionof
a program, whose models are the supported models of thegmodrhe definition of
completion can be found in [8]. For a progrd? we denote its completiofiomp(P).

The formulation of loop formulas consists of two steps: dnrging a dependency
graph and then establishing a formula for each loop in thptgra

Let P be a weight constraint program. THependency grapbf P, denotedsp =
(V, E), is a directed graph, where (fy. = Atoms(P) and (ii). (u, v) is a directed edge
fromw to v in E, if there is a rule of the form (2) itP, such thaw € lit(Wy) and
v € lit(W;) forsomei (1 < i < n).LetG = (V, E) be adirected graph. AsétC V
is aloopin G if the subgraph of7 induced byL is strongly connected.

Let W be a weight constraint andbe a set of atoms. Threstrictionof W w.r.t. L,
denoted/V), is a conjunction of weight constraink&; ;, A W, 1, where

3



4 Guohua Liu

— Wy is obtained by removing the upper bound and all positiveditein L and
their weights fromit/;
— W, is obtained by removing the lower bound frdim.

Let P be a weight constraint program aticbe a loop inG p. Theloop formulafor
L, denotedL F'(P, L), is defined as

LF(P,L) = \/L — \/{ /\ W |r € P,LNlit(hd(r)) # 0} (4)

Webd(r)

Let P be a weight constraint program. Tlrep completiorof P denoted. Comp(P)
is defined ad.Comp(P) = Comp(P)U{LF(P,L) | Lisaloopin Gp}.

Theorem 2. Let P be a weight constraint program and a set of atoms)/ is a stable
model ofP iff M is a model ofLComp(P).

3 Level mapping induced loop formulas for aggregate prograra

An aggregate is a constraint on sets taking the fagygr({X | p(X)}) op Result,
whereaggr is anaggregate functionThe standard aggregate functions are those in
{SUM, COUNT, AVG, MAX, MIN}. The relational operataip is from {=, #, <, >
,<,>} andResult is either a variable or a numeric constant.

An aggregate program is a set of rules of the form

h+— Ay, ..., A, (5)

whereh is an atom andly, ..., A,, are aggregates. The semantics of aggregate programs
bases on the notion abnditional satisfactionWe refer the reader to [14] for the details.

Al of the standard aggregates (without the operat?) can be encoded by weight
constraints as shown in [7]. In this section, we focus on @o with aggregat€U M
only 3. For an aggregaté, we denote its weight constraint encoding A). A property
of aggregates is that their weight constraint encodingaiomo dual atoms. This is
useful to prove the proposition later.

3.1 Level mapping characterization of answer sets

Let A be an aggregaté/ a set of atoms and a level mapping of\/. Theanswer set
levelof A w.r.t. M, denotedl.*(A, M), is defined as:

L*(A, M) =min({H(X)| X € M,w(W(A),Xs) =1+ Y w,, (6)
b, eM
and w(W(A),Xp) <u— Z Wa, });
a; €M

2 We only study the aggregates without the operagéi, since for programs witlSU M (.) # k,
theanswer set existence problésnat a level higher than NP-Completeness in the complexity
hierarchy, according to Son and Pontelli [14].

% Note: Aggregate’OUNT and AV G are special cases &fU M. Aggregates\ AX and
MIN can be encoded b§U M [7].
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wherel andu are the lower and upper boundsléf(A) respectively.
Intuitively, the level of A, w.r.t. M depends on the level of atoms i that are
necessary to conditionally satisfidsw.r.t. M.

Proposition 2. Let A be an aggregate andX and M two sets of atoms such that
X C M. X conditionally satisfiesd w.r.t. M iff w(W(A), Xa) > 1+ >, cppws,
andw(W(A), Xp) <u— >, cpr Wa;, Wherel andu are the lower and upper bounds
of W (A), respectively.

Definition 2. Let P be an aggregate program and’ a set of atoms)/ is said to be
strongly level mapping justifiedy P if there is a level mapping of M satisfying that
for eachb € M, there is a ruler € P such thath = hd(r), M = bd(r), and for each
A € bd(r), A(b) > L*(A, M).

Using Proposition 2, we can prove the following theorem.

Theorem 3. Let P be an aggregate program and a set of atoms)/ is an answer set
of P iff M is a model ofP and strongly level mapping justified 3

3.2 Loop formulas for aggregate programs

The completion of aggregate programs consists of the samef $ermulas as that
of weight constraint programs, except that the weight gairgis in the formulas are
weight constraint encoding of aggregates.

Let P be an aggregate program. Téhependency graptf P, denotedss = (V, E),
is a directed graph, where (i), = Atom(P) and (ii). (u, v) is a directed edge from
utowv in E, if there is a rule of the form (5) i such that. = hd(r) and eithew or
not v € lit(W(A;)) forsomei (1 <i < n).

Now we give thestrong restrictionof an aggregate w.r.t. a loop by defining the
strong restriction of a weight constraint. LBt be a weight constraint antl a set of
atoms. The strong restriction &, w.r.t. L, denotedi, , is a conjunction of weight

|z
H £ %
constraintsV;;; A Wy, where

- WzTL is obtained by removing frorii” the upper bound, all positive literals that are
in L. and their weights;

- W;‘L is obtained by removing from the lower boundnot b; = w;, for each
b; € L, and changing the upper bound tobe- », ; wp,.

The strong restriction of an aggregatev.r.t. a loopL is defined as the strong restriction
of its weight constraint encoding w.r.t. the 1087 (A4).

Let P be an aggregate program ahé loop inG’. The loop formula forZ, denoted
LF*(P, L), is defined as

LF*(P,L)=\/L—\/{ N\ W(A)|rePhdr)eL} 7
Aebd(r)

Let P be an aggregate program. The loop completioi?pfienoted. Comp*(P),
is defined ad.Comp*(P) = Comp(P) U{LF*(P,L) | L is aloop in Gp}.

Theorem 4. Let P be an aggregate program and a set of atoms)/ is an answer set
of P iff it is a model of LC'omp* (P).
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4 Conclusion and future work

We present level mapping characterizations of semantiagdmht constraint programs
and aggregate programs, respectively. Based on the levyabintacharacterizations,
we improve the formulation of loop formulas for these pragsa For arbitrary weight
constraint programs, we propose a formulation of loop fdasuhat does not require
introducing any new atoms; For aggregate programs, we shawthe dependency
graph can be constructed in time polynomial in the size ofjams.

The level mapping and loop formulas are defined on aggregjdtk/. For the ag-
gregates\/ AX andM I N, direct definition may be desired for intuitiveness. We kav
this for the future work.
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