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Abstract. Answer set programming languages have been extended torsupp
linear constraints and objective functions. However, tagables allowed in the
constraints and functions are restricted to integer andeBoodomains, respec-
tively. In this paper, we generalize the domain of linearstaaints to real num-
bers and that of objective functions to integers. Sincedleasensions are based
on atranslation from logic programs to mixed integer praggawe compare the
translation-based answer set programming approach withadkive mixed inte-
ger programming approach using a number of benchmark prsble

1 Introduction

Answer set programming (ASP) [14], also known as logic paogming undestable
modelsemantics [8], is a declarative programming paradigm whegé/en problem
is solved by devising a logic program whoseswer setgapture the solutions of the
problem and then by computing the answer sets uaitsgver set solver§ he paradigm
has been exploited in a rich variety of applications [2].

Linear constraints have been introduced to ASP [1, 7, 1linl&der to combine the
high-level modeling capabilities of ASP languages witheffecient constraint solving
techniques developed in the area of constraint programrhingarticular, a language
ASP(LC) is devised in[11] which allows linear constraird®e used within the original
ASP language structures. The answer set computation fo(LA3Rprograms is based
on mixed integer programming (MIP) where an ASP(LC) progiarfirst translated
into a MIP program and then the solutions of the MIP prograencamputed using a
MIP solver. Finally, answer sets can be recovered from theisas found (if any).

In this paper, we extend and evaluate the ASP(LC) languagfeeirfiollowing as-
pects. First, we generalize the domain of variables alloindthear constraints from
integers to reals. Real variables are ubiquitous in apjidics, e.g., timing variables
in scheduling problems. However, the MIP-based answersgapatation confines the
variables in linear constraints to the integer domain. Wercame this limitation by de-
veloping a translation of ASP(LC) programs to MIP programshat constraints over
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real variables are enabled in the language. Second, waluteoMIP objective func-
tions, i.e., linear functions of integer variables, to thBeRLC) language. The original
ASP(LC) language allows objective functions of Booleanialgles only, but integer
variables are more convenient than Booleans in many apiplitsa[11]. To model opti-
mization problems in these areas, we enable MIP objectvetions in ASP by giving
semantics for ASP programs with these functions. Third, eregare ASP(LC) to MIP.
This is interesting as ASP(LC) provides a richer languag® thIP where ASP lan-
guage structures are extended with linear constraintdblubiplementation technique
is based on translating an ASP(LC) program to a MIP prograsotee. We choose
some representative problems, study the ASP(LC) and MIBdéngs of the problems,
and evaluate their computational performance by expeitisnen

The rest of the paper is organized as follows. Preliminaiesgiven in Section 2.
Then we extend ASP(LC) language with real variables in 8ac8, introduce MIP
objective functions in Section 4, and compare ASP(LC) antodv@dIP formulations
in Section 5. The experiments are reported in Section 6v@tbby a discussion on the
related work in Section 7. The paper is concluded by Section 8

2 Preliminaries

In this section, we review the basic concepts of linear gairds, mixed integer pro-
gramming, and the ASP(LC) languageliear constraintis an expression of the form

iuimi ~k (1)
=1

where theu;’s andk are real numbers and thg's are variables ranging over real num-
bers (including integers). We distinguish the variablebaoeal andintegervariables
when necessary. The operatois in {<, <, >, >}. Constraints involving<” and “>"
are callecstrict constraints. A valuation from variables to numbers issalutionof (or
satisfie} a constraintC of the form (1), denoted = C, iff >°"" | w;v(x;) ~ k holds.

A valuationv is a solution of a set of constrainis = {C4, ..., C,, }, denoteds = II,

iff v = C; foreachC; € II. A set of linear constraints satisfiableff it has a solution.

A mixed integer progranfor aMIP progran), takes the form

optim ze o (2)
subject to Cy,...,Ch. 3)

where the keyworapt i i ze is mi ni m ze or maxi nm ze, u;'s are numbersg;’s
are variables, and’;’'s are linear constraints. The operators in the constrairgsin
{<,=,>}. The functionZ?:1 u;x; is called anobjective functionThe constraints
Cy, ..., Cy, may be written as a sé€t’1, ..., Cy,, }. A valuationv is a solution of a MIP
program iffv = {C4, ..., Cy, }. A solution isoptimal iff it minimizes (or maximizes)
the value of the objective function. The objective functimyuld be empty (missing
from a MIP program), in which case the function is triviallgtonized by any solution.
The keyword®pt i m ze andsubj ect t o may be omitted if the objective function
is empty. The goal of MIP is to find the optimal solutions of alMirogram.



An ASP(LC) progranis a set of rules of the form
a4+ by,...,by,notcy,...,N0tc,,, t1,...,1 (4)

where eachu, b;, andc¢; is a propositional atom and ea¢h called atheory atom

is a linear constraint of the form (1). Propositional atoms gheory atoms may be
uniformly calledatoms Atoms and atoms preceded by "not” are also referred to as
positiveandnegative literalsrespectively. Given a prograf, the set of propositional
and theory atoms appearing ih are denoted byA(P) and T (P), respectively. For

a ruler of the form (4), theheadand thebodyof r are defined byH(r) = {a} and
B(r) = {b1,...,bs,n0tcy,..., N0t ¢y, t1,. .., 1 }. Furthermore, theositive nega-
tive, andtheory parts of the body are defined & (r) = {b1,...,b,}, B~ (r) =
{c1,...,¢em}, andBt(r) = {t1,...,t,}, respectively. The body and the head of a rule
could be empty: a rule without body isfact whose head is true unconditionally and a
rule without head is amtegrity constraintenforcing the body to be false.

A set of atoms\/ satisfies an atom, denotedV/ |= q, iff @ € M, and it satisfies a
negative literal 'not’, denotedM |= nota, iff a ¢ M. The setM satisfies a set of lit-
eralsL = {l4,...,1,}, denotedV] = L, iff M = [; for eachl; € L. An interpretation
of an ASP(LC) progran® is a pair(M,T) whereM C A(P) andT C T(P), such
thatT U T is satisfiable in linear arithmetics whefe= {~t | t € T(P) andt ¢ T}
and -t denotes the constraint obtained by changing the operatbtathe comple-
mentary one. Two interpretatiods = (M;,T) andl, = (M, T5) areequal denoted
I, = Ly, iff My = My andT; = T». An interpretation/ = (M, T') satisfies a literal
iff M UT [= . An interpretation/ satisfies a rule, denoted! = r, iff I = H(r) or
I = B(r). An integrity constraint is satisfied biff I = B(r). An interpretatior? is
amodelof a programP, denoted = P, iff I = r for eachr € P.

Answer sets are defined using the concept of progeattuctas follows.

Definition 1 (Liu et al. [11]). Let P be an ASP(LC) program an{l\/, T') an inter-
pretation of P. Thereductof P with respect to/M, T'), denotedP‘*-T), is defined as
PMT) — (H(r) + B*(r) |r € P,H(r) # 0, B~ (r)n M = (), andB*(r) C T},

Definition 2 (Liu etal. [11]). Let P be an ASP(LC) program. An interpretatioh/, T')
is ananswer sebf P iff (M, T) = P and M is the subset minimal model &£*7)
The set of answer sets Bfis denoted bylS(P).

Example 1.Let P be an ASP(LC) program consisting of the rules
a—r—y<2. b<zx—y>5 <—ax—y>0.

The interpretation; = ({a}, {x —y < 2}) is an answer set oP since{(z —y <
2),—(z —y > 5),~(z —y > 0)} is satisfiable in linear arithmetic$, = P, and{a}
is the minimal model ofP’* = {a + .}. The interpretatiod, = ({b},{z —y > 5})
is not an answer setsingéx —y > 5), -(z —y < 2),~(z — y > 0)} is unsatisfiable.
Finally, Is = (@, {x — y > 0}) is not an answer set, sindg |~ P. 0

Syntactically, theory atoms are allowed as heads of ruléiseércurrent implemen-
tation [11] for more intuitive reading and thus such rules ased in this paper. As



regards their semantics, a rule with a theory atom as the iseaguivalent to an in-
tegrity constraint, i.e., a rule < aq,...,a,,,N0tby,..., Notb,,t1,...,t wheret is
a theory atom is treated as the réle ay, ..., a,,,N0tby, ..., NOtb,, t1,...,t;,—t in
answer set computation. Moreover, the semantics of ASPgk@)rams coincides with
that ofnormallogic programs [8, 14] if no theory atoms are present.

Answer set computation for ASP(LC) programs is based onrsslation to MIP
programs [11]. We will refer to the translation Bi$P-translationand denote the trans-
lation of a progranP by 7(P). Due to space limitations, we skip a thorough review of
7(P) and focus on a fragment most relevant for this paper, i.e.rutes of the form

a4+ t. )

whereq is an propositional atom or not present at all aigla theory atom. Recall that
a rule without head is an integrity constraint.

In the translation, special linear constraints calledicator constraintsare used.
An indicator constraint is of the formi = v — C whered is abinary variable(integer
variable with the domaig0, 1}), v is either0 or 1, andC' is a linear constraint. An in-
dicator constraintistrictif C' is strict andhon-strictotherwise. An indicator constraint
can be written as a constraint (1) using the so-calige\/ formulation.

For a progranP consisting of simple rules (5) only(P) is formed as follows:

1. For each theory atom we include a pair of indicator constraints
d=1—t d=0——t (6)

whered is a new binary variable introduced farThe idea is to use the variahfe
to represent the constrainin the sense that, for any solutienof the constraints
in (6),v(d) = 1iff v |=t. Thusd can be viewed as a kind oframefor ¢.

2. Assuming that < t1, ...,a < t; are all rules (5) that haweas head, we include
a—dy >0, ..., a—di>0, @)
d1+...+dk—a20 (8)
wheredy, ..., d; are the binary variables corresponding/1o. . ., t; in (6). The
constraints in (7) and (8) enforce that the joint hedtblds iff some of the bodies
t1,...,t; holds which is compatible with Clark’s completion [3].Af= 1, i.e., the

atoma has a unique defining rule, the constraints of (7) and (8)cedu: — d; =
0 which makesd; synonymous withu. Moreover, if the rule (5) is an integrity
constraint, ther; = 0 is sufficient, as intuitively implied by = 1 anda = 0.

In the implementation of (P), more variables and constraints are used to cover the
rules of the general form (4). We refer the reader to [11] fetiads.

The solutions of the MIP-translation of a program captigaitswer sets as follows.
Let P be an ASP(LC) program anda mapping from variables to numbers. We define
thev-induced interpretatiof P, denoted’}, by settingl¥, = (M, T') where

M ={a|ae€ A(P), v(a) =1} and 9)
T={t|teT(P), vEt} (10)



Theorem 1 (Liu et al. [11]). Let P be an ASP(LC) program.

1. If v is a solution ofr(P), thenly € AS(P).
2. If I € AS(P), then there is a solution of 7(P) such thatl = I%.

Example 2.For the progranP from Example 1, the translatior( P) consists of:

di=1—-z—y<2 d=0—-2z—y>2, a—d; =0,
dy=1—-2xz—y>5 do=0—2x—y<5, b—dy =0,
ds=1—x—y >0, d3=0—z—y <0, ds = 0.

For any solutionv of 7(P), we havev(a) = 1, v(b) = 0, andv(z) — v(y) < 2 which
characterize the unique answer &gt}, {z — y < 2}) of P. O

3 Extension with Real Variables

In this section, we first illustrate how strict constraimgdlved in the MIP-translation
prevent the introduction of real variables in ASP(LC) piags. Motivated by these
observations, we develop a translation of strict consisdim non-strict ones. Finally,
we apply the translation to remove strict constraints frbom MIP-translation so that
real variables can be allowed in ASP(LC) programs.

3.1 Problems Caused by Real Variables

Real variables are widely used in knowledge representatimhreasoning. However,
the computation of answer sets based on the MIP-translaBoomes problematic in
their presence. The reason is that typical MIP systems déuligtsupport strict con-
straints involving real variables, e.g., by treating $tdonstraints as non-strict ones.
Consequently, the correspondence between solutions ameasets may be lost.

Example 3.Consider the condition that Tom gets a bonus if he works at$25 hours
and the fact that he works for that long. By formalizing thesastraints we obtain an
ASP(LC) programP consisting of the following rules:

bonus(tom) < h(tom) > 8.25. (11)
— h(tom) < 8.25. (12)

In the above, the ground terhftom) is treated as a real variable recording the working
hours of Tom andonus(tom)* is a ground (propositional) atom meaning that Tom will
be paid a bonus. The MIP-translatioi?) of P has the following constraints:

dy =1 — h(tom) > 8.25 (13)
dy = 0 — h(tom) < 8.25 (14)
bonus(tom) —dy =0 (15)
dy =1 — h(tom) < 8.25 (16)
dy =0 — h(tom) > 8.25 a7)
dy =0 (18)

1 We use different fonts for function and predicate symbalshsas " and “bonus” in this
example, for clarity.



Givenr(P) as input,cPLEX provides a solutiow wherev(bonus(tom)) = v(dy) =
v(dz2) = 0 andv(h(tom) = 8.25). Howeverly = (f, {h(tom) = 8.25}) is not an
answer set of” since it does not satisfy the rule (11). This discrepancyuis & the
fact thatv actually does not satisfy the strict constraint (14),&rit EX treats this as the
non-strict onel; = 0 — h(tom) < 8.25 and unexpectedly givesas a solution. O

The current implementation of the MIP-translation [11] eeldes only integer-
valued constraints where the coefficients and variablegeraner integers. Given this
restriction, strict constraints of the forln\ | u;z; < k (resp.> k) can be imple-
mented as non-strict on@?zl uiry; < k—1(resp.> k+1).

It might be tempting to convert the domain of a problem froadseo integers, e.g.,
by multiplying the constraints by00 and by replacing the variablégtom) by another
holding a hundredfold value. For the progrdtin Example 3 this would give rise to:

bonus(tom) < h'(tom) > 825. (19)
« h/(tom) < 825. (20)

Thereafter constraints (13) and (14) could be rewrittencasstrict constraints:

dy =1 — h/(tom) > 825. (21)
di =0 — h/(tom) < 824. (22)

This approach, however, does not work in general. Firstirireslated program cannot
cover the domain of the original problem due to the continoitreal numbers. For
example, the rules (21) and (22) do not give any informatiooua the working hours
8.245 which is covered by (13) and (14). Second, determining thaired coefficients
is infeasible in general since the real numbers occurrirgpirstraints can be specified
up to arbitrary precision which could vary from problem arste to another.

BecausecPLEX treats strict constraints as non-strict ones, the MIPstedion be-
comes inapplicable for answer set computation in the preesefreal-valued variables.
To enable such computations, a revised translation whidsists of non-strict con-
straints only is needed. Such a translation is devised iiossctto come.

3.2 Non-Strict Translation of Strict Constraints

We focus on strict constraints of a restricted foym> 0. This goes without loss of
generality because any constrainf’_, u,z; > k can be rewritten as a conjunction of a
non-strict constrain} -, u;x; — y = k and a strict ong > 0 wherey is fresh. Also,

a constraint of the formy ", u;z; < k is equivalentto- > | u;z; > —k.

Lemma 1. Let I" be a set of non-strict constraint§, = {z; > 0,...,z, > 0}, and
0 a new variable. Then, the sétU S is satisfiable iff for any bound > 0, the set
r'uSs; U{0<é <b}whereSs ={x; >9,...,x, > d} is satisfiable.

Proof. We prove the direction=-" since the other direction is obvious. SinfeJ S is
satisfiable, there is a valuatiensuch that = I andv(z;) > 0 for eachl < i < n.
Letb > 0 be any number anth = min{v(z1),...,v(x,)}. Thenv(z;) > m holds
foranyl <i < mnandm > 0. Two cases arise and need to be analyzed:



Case 1: Ifm < b,then’ U Ss U {0 < § < b} has a solution’ which extends by the
assignment’(9) = m.

Case 2: Ifm > b, definer/ as an extension af such that/(6) = b. Thusb > 0 implies
V' |0 < <b.Moreover, foranyl < i <n, v/'(z;) = v(x;) > v/'(§) = bsince
m > b. Therefore/’ = z; > 6 foranyl <i < n.

It follows thaty' = I" U Ss U {0 < § < b}. O

The result of Lemma 1 can be lifted to the case of indicatostraimts since indi-
cator constraints are essentially linear constraints.

Lemma 2. LetI" be a set of non-strict constraints,

a set of strict indicator constraints, arida new variable. Then[' U S is satisfiable iff
for any bound > 0, I" U Ss U {0 < § < b} is satisfiable where

S(s:{di:’ui—}.%i26|1§i§n}. (24)

Lemma 2 shows that a set of strict indicator constraints eatrdansformed to a set of
non-strict ones by introducing a new bounded varig@ble § < b. Below, we relax the
last remaining strict constraint> 0 to § > 0 using a MIP objective function.

Definition 3. Let IT = I"' U S be a set of constraints whei€ is a set of non-strict
ones ands is the set of strict indicator constraints (23)a new variable, and > 0 a
bound. Thenon-strict translatiof I7 with respect tad andb, denoted1?, is:

maxi m ze 1) (25)
subject to I'USs;U{0<4<b}
whereS; is defined by (24).

Given Lemma 2 and Definition 3, the satisfiability of a set ofstpaints can be
captured by its non-strict translation as formalized byftllewing theorem.

Theorem 2. Let I7, S, and I1¢ be defined as in Definition 3. Thef, is satisfiable iff
IT? has a solutionv such thatv(§) > 0.

Theorem 2 enables the use of current MIP systems for chetkangatisfiability
of a set of strict constraints, i.e., by computing an optis@ltion for the non-strict
translation of the set and by checking if the objective fiorxchas a positive value.

3.3 Non-Strict Translation of Programs
Next, we develop the non-strict translation of ASP(LC) peogs using Definition 3.

Definition 4. Let P be an ASP(LC) programj, a new variable, and > 0 a bound.
The non-strict translatiorof P with respect tos and b, is 7(P)% wherer(P) is the
MIP-translation ofP.



We show that the solutions ef P)% andr(P) are in a tight correspondence.

Lemma 3. Let P be an ASP(LC) program that may involve real variablég new
variable, andb > 0 a bound.

1. For any solution’ = 7(P), there is a solution’ |= 7(P)% such that/(a) = v/(a)
for eacha € A(P), v = tiff v/ = ¢t for eacht € T(P), andv/'(6) > 0.

2. For any solutionv = 7(P)% wherev(§) > 0, there is a solution/ of 7(P) such
thatv(a) = v/(a) for eacha € A(P) andv |= tiff v/ |= ¢ for eacht € T(P).

Proof. We prove(i) and omit the proof ofii) which is similar. Letv be a solution
of 7(P). Givenv, we extendr(P) to 7'(P) by adding for each atom € A(P), a
constraintz = v(a), and for each theory atome 7 (P) and the variablée introduced
for ¢ in (6),d = v(d). It is clear that/ = v is a solution ofr’(P). Let 7"’ (P) be the
analogous extension of(P)%. Applying Theorem 2 to’(P), there is a solution””
of 7”/(P) such that//(6) > 0 and for eachu, v”(a) = v/(a) = v(a), and for each
d, v"(d) = V/(d) = v(d). The valuation/” is also a solution of(P)%, as7(P)} C
7''(P). Note that for any € 7 (P) and the respective atoty v(d) = 1iff v |= ¢, and
V' (d) =1iff V' = t. Thenv = tiff v” = t due tov(d) = v (d). O

Now, we relate the solutions of P)} and the answer sets . As a consequence
of Lemma 3 and the generalization of Theorem 1 for real végglwe obtain:

Theorem 3. Let P be an ASP(LC) program that may involve real variablés, new
variable, andb > 0 a bound.

1. If v is a solution ofr(P)% such that/(5) > 0, thenI% € AS(P).
2. If I € AS(P), then there is a solution of 7(P)% such thatl = 1% andv(§) > 0.

Example 4.Let us revisit Example 3. By settinig = 1 as the bound, we obtain the
non-strict translation (P)} as follows:

maxi m ze 0
subject to 0<§f<1

dy =1 — h(tom) > 8.25, dy =0 — h(tom) + 0 < 8.25,
dy =1— h(tom) 4+ 6 <825, dy =0 — h(tom) > 8.25,
bonus(tom) — dy = 0, ds = 0.

For any optimal solution of 7(P)}, we havev(bonus(tom)) = v(d) = v(§) = 1
andv(h(tom)) > 8.25 that corresponds to the intended answer($bbnus(tom)},
{h(tom) > 8.25}). We note thatPLEX provides exactly this solution far(P)}. O

It can be verified that the non-strict translatieiP)% reduces to the MIP-translation
if the variables inP and the new variablé are integers and the bouhds set tol.

4 Extension with Objective Functions

In this section, we define optimal answer sets for ASP(LCymms enhanced pb-
jective function®f the form (2) and illustrate the resulting concept by exkasp



Definition 5. Let P be an ASP(LC) program with an objective functjpand (M, T') €
AS(P). The answer setM, T') is optimaliff there is a solution of' U T that gives the
optimal value tof among the set of valuations

{v|vETUT forsome(M,T) € AS(P)}.
Example 5.Let P be an ASP(LC) program
mnimze xz. a<x>5 b+x>T7  —x<b5b.

The answer sets d? arel; = ({a},{z > 5}) andly = ({a,b},{z > 5,2 > 7}). Let
Ty = {x > 5} andTy = {x > 5, > 7}. The solutions o, UT} = {x > 5,2 < 7}
admit a smaller value of (x) = = (i.e.,5) than any solution 0T, U Ty = {z > 5,2 >
7}. Therefore the answer sét is optimal. O

According to Definition 5, each optimal answer set identifiasoptimal objective
value. In other words, if the objective function is unboudeéth respect to an answer
set, then the answer set is not optimal. This is illustragedur next example.

Example 6.Let P be an ASP(LC) program
mninmze z. a+<x<4. b+ z>4

The progran® has two answer sefs = ({a}, {x < 4})andl, = ({b}, {z > 4}). Let
Ty = {z <4} andT, = {z > 4}. We havel; UT; = Ty andTy U Ty = Ts. Although
T, UT, admits smaller values afthanT, UT5, I; is not optimal, since: may become
infinitely small subject td@’; U T}. Therefore P has no optimal answer set. O

For a program that does not involve real variables, we cabésh an approach to
computing the optimal answer sets as stated in the theorkemv.béhis result essentially
follows from Definition 5 and Theorem 1.

Theorem 4. Let P be an ASP(LC) program involving integer variables only ghithe
objective function oP. Then(M, T') is an optimal answer set @t iff there is a solution
v = 7(P) such thatl} = (M, T) andv gives the optimal value tg.

However, when real variables are involved, the non-strardlation from ASP to
MIP programs cannot be employed to compute the optimal ansste, since the vari-
abled introduced in the translation may affect the optimal obyectunction value.

The ASP languages implemented in [6, 16] support objectinetfons of the form

#optim ze [a; = way, vy A = Wy, ,NOLDy = wp,, ..., NOtD, = wp,|  (26)

where the keyworapt i ni ze ism ni m ze or maxi ni ze, a; and "notb;” are lit-
erals, andv,, andwy, are integer weights associated with the respective lgefdie
difference between the functions (2) and (26) is that in the former are integer vari-
ables whereas;’s andb;’s in the latter are Boolean variables, i.e., propositiatams
from the ASP viewpoint. Proper objective functions faeilé modeling optimization
problems as one needs not to encode integer variables is tdrBooleans.

Example 7.Let z be an integer variable taking a value franto n and we want to
minimizez. Using an objective function, this can be concisely encduged



mnimze z. z>1. z<n.

Following [14, 17], to encode the same using the functior),(2@ need:

#mnimze [z(1)=1,...,z(n) =n]. (27)
x(i) - notz(l),...,notxz(i — 1),notx(i + 1),...notz(n). 1<i<n (28)

where the Boolean variable(i) represents that takes valueg and the rules in (28)
encode that takes exactly one value frointo n. The size of the ASP(LC) encoding is
constant, while that of the original ASP encoding is quddfan the size of the domain
of z, i.e., the objective function of lengthhplusn rules of lengthn. a

Restriction to Boolean variables affects the performafées® systems when deal-
ing with problems involving large domains. A detailed acabean be found in [11].

5 A Comparison of ASP(LC) with MIP

In the ASP(LC) paradigm, a problem is solved indirectly,, il®y first modeling it as
an ASP program, then by translating the program to a MIP mrogiand by solving
it. A question is how the approach compares with native MiRhls section, we study
the modeling capabilities of ASP(LC) and MIP languages. W&u§ on two widely
used primitives in modelingeachabilityanddisjunctivity. For the former, we study a
Hamiltonian Routing Problem (HRP) and for the latter, a JobgBProblem (JSP). The
main observation is that ASP(LC) can provide more intuitimel compact encodings in
debt to its capability to model non-trivial logical relati®. But, the compactness does
not always offer computational efficiency as perceived éndaquel.

In the HRP, we have a network and a setcdfical vertices. The goal is to route
a package along a Hamiltonian cycle in the network so thapttekage reaches each
critical vertex within a given vertex-specific time limith& network is represented by
a set of verticed” = {1,...,n} and a set of weighted edgé&sconsisting of elements
(i,7,d) wherel < 4,5 < n andd is a real number representing that the delay of
the edge fromi to j is d. The set of critical vertice€'V' consists of pairg:,¢) where
1 < i < nandtis areal number representing that the time limit of vertex:.

The ASP(LC) encoding of HRP in Figure 1 is obtained by extegdhe encod-
ing of Hamiltonian cycle problem [14] with timing constrésh The rules (29)—(35)
specify a Hamiltonian cycle. To model the timing constrajnte use a real variable
t(X) to denote the time when a vertéXis reached. Rules (36) and (37) determine the
respective times of reaching vertices. The rule (38) ersseaeh critical vertex to be
reached in time. The MIP program of HRP in Figure 2 is from [#&h extensions of
timing constrainté The binary variabler;; represents whether an edgej, d) is on
the Hamiltonian cycles;; = 1) or not (z;; = 0) and the integer variabjg denotes the

2 Linear and logarithmic encodings can be achieved usindinality constraint§6, 16] andbit
vectors[13], respectively. But both are more complex than the gik&iP(LC) encoding.

3 A rule with the operator “=" in the head, such as (36) and (&) shorthand for a pair of
rules with the operators<” and “>" in their heads respectively.

4 Disequalities and implications can be represented usimgplerators £” and ">" [15].



he(X,Y) « e(X,Y, D), notnhc(X,Y). (29)

nhe(X,Y) < e(X,Y,D1), e(X,Z,D2), he(X, 2), Y # Z. (30)
nhe(X,Y) « e(X,Y, D), e(Z,Y, D2), he(Z,Y), X # Z. (31)
initial(1). (32)
reach(X) < reach(Y"), hc(Y, X), notinitial(Y), (Y, X, D). (33)
reach(X) < hc(Y, X), initial(Y),e(Y, X, D). (34)
« v(X), notreach(X). (35)
t(1) = 0. (36)
t(X)—t(Y) =D < hc(Y, X),e(Y,X,D), X # 1. 37)
t(X) < T <« critical( X, T). (38)

Fig. 1. An ASP(LC) encoding of HRP

Z(i’j’d)eExij =1 1eV (39)
Z(jyi’d)eExji =1 1eV (40)
1<pi<n tev (41)
Pi # Dj i€V, jeV,i#j (42)
pj#pi+1 (4,5, d) ¢ E, i #] (43)
(pi =n) = (p; 2 2) (i,5,d) ¢ E, i # ] (44)
r1 =0 (45)
Tij=1—1; —1r; =dij (4,7,d) ¢ E (46)
i <t (i,t) e CV 47)

Fig. 2. A MIP encoding of HRP

position of the vertex on the cycle. The real variable denotes the time of reaching
vertexi. The constraints (39)—(44) encode a Hamiltonian cycle @3)(47) are the
counterparts of (36)—(38) respectively.

In comparison, reachability is modeled by the recursivesB3) and (34) in the
ASP(LC) program. Since MIP language cannot express sualrgiea directly, the
reachability condition is captured otherwise—by consirgj the positions of the nodes
in (41)—(44). Note that the node positions are actuallyiékrant for the existence of a
cycle. In fact, modeling Hamiltonian cycles in non-complgtaphs is challenging in
MIP and the above encoding is the most compact one to the best &nowledge.

In the JSP, we have a set of tagks= {1, ...,n} to be executed by a machine. Each
task is associated with an earliest starting time and a psitg duration. The goal is
to schedule the tasks so that each task starts at its eatggting time or later, the
processing of the tasks do not overlap, and all tasks ardé&diby a given deadline.
Using ASP(LC) we model the problem in Figure 3 where the meditask(l, £, D)
denotes that a task has an earliest starting timeé and a durationD and the real
variabless(I) ande(I) denote the starting and ending times of tdskespectively. The



s(I) > E « task(I, E, D). (48)

e(I)—s(I) > D «+ task(I, E, D). (49)
< task(I, E1, D1), task(J, E2, D), I # J, s(I) — s(J) <0, s(J) —e(I) <0. (50)
e(I) < deadline < task(I, E, D). (51)

Fig. 3. An ASP(LC) encoding of JSP

s; > est; 1eT (52)
ei— 8 > di ieT (53)
zij=1—>e —s5;<0 ieT, jeT, i#j (54)
2i; =0—>e —s; >0 ieT, jeT, i#j (59)
v+ a5 =1 i€T, jeT, i#j (56)
e; < deadline ieT (57)

Fig. 4. A MIP encoding of JSP

rule (48) says that a task starts at its earliest starting timater. The rule (49) ensures
each task being processed long enough. The rule (50) entuelesutual exclusion of
the tasks, i.e., for any two tasks, one must be finished bdffierstarting of the other.
The rule (51) enforces each task being finished by the deadiigure 4 adopts a recent
MIP encoding of JSP [9] itPLEX language, where the variablesande; represent
the starting and ending times of taskespectivelyest;, andd; are the earliest starting
time and processing duration of taskhe binary variable:;; denotes that taskends
before task;j starts. The constraints (52), (53), and (57) are the copatty of (48),
(49), and (51) respectively. The constraints (54)—(56)use&overlapping tasks.

In the ASP(LC) program of JSP, the mutual exclusions@f) — s(J) < 0 and
s(J) —e(I) < 0is expressed by one rule (50). In contrast, MIP languagesldalect
encoding of relations between constraints and thereforentode the relation ef <
sj ande; < s;, one has to first represent them by new variablgsandz;; and then
encode the relations of the variables (56). Note that, fonmatation, the ASP(LC) and
the native MIP encodings are essentially the same, sindeahslation of the rule (50)
includes two indicator constraints to represent the cairgss(/) — s(J) < 0 and
s(J) —e(I) < 0, respectively, and additional constraints to encode ttee ru

6 Experiments

We implemented the non-strict translation of ASP(LC) pewgs and the MIP objective
functions by modifying theniINGO system [11]. The new system is calleeNGO™. We
testedvINGO” with a number of benchmarkghe HRP and JSP detailed in Section 5,

5 A prototype implementation of theliNGo"system and benchmarks can be found under
http://research.ics.aalto.fi/software/asp/ m ngoR/



the Newspaper, Routing Max, and Routing Min problems frodi,[2nd the Disjunc-
tive Scheduling problem from [4]. These problems were $etkas they involve either
reachability or disjunctivity. The original instances aggised to include real numbers.
The objective functions of the optimization versions of H&®RI JSP are to minimize
the time of reaching some critical node and the ending timsoafe task, respectively.
The optimization problems involve integers only. The expents were run on a Linux
cluster having 112 AMD Opteron and 120 Intel Xeon nodes withuk 6.1. In each
run, the memory is limited to 4GB and the cutoff time is set®@ 8econds.

In Table 1, we evaluateINGO" with different values of the parametgrthe bound
used in the non-strict translation. The goal is to find a defsetting forb. Table 1
suggests that = 107 is the best, considering the number of solved instances and
the running time. We tested)0 random instances for each problem except Disjunctive
Scheduling where we used the instances given in [4]. Each instance was fuimes
and the average number of solved instances and running tieneeported. We also
include the average sizes of resultiggpundprograms in kilobytes to give an idea on
the space complexity of the instances. It is also worth jrmjnout that none of the
problems reported in Table 1 is solvable by existing ASPesystsince they involve
real variables and thus comparisonsoiGo" with other ASP systems are infeasible.

Tables 2 and 3 provide comparisons of the translation-bAS# approach with
native MIP approach, where bothNGO"™ andcpPLEX are run with default settings. For
the HRP problem in Table 2, we testgd randomly generated graphs 2 nodes for
eachdensity(the ratio of the number of edges to the number of edges indheplete
graph). The results show that the instances with mediumiti=hsire unsolvable to
cPLEX before the cutoff bukINGO™ can solve them in reasonable time. We also note
that cPLEX performs better for the graphs of high densities. This isabee the MIP
program encodes the positions of nonadjacent nodes. FdSgroblem in Table 3,
we testeds0 random instances for each number of tasks mndco” is slower than
CPLEX by roughly a order of magnitude but, in spite of this, scalsgimilar.

In summary, some observations are in order. On one hand, 3fLAC) language
enables compact encodings in debt to its capability of esging non-trivial logical re-
lations. Thus some redundant information, such as the ofderdes in a cycle in HRP,
can be left out in favor of computational performance. Ondtier hand, the transla-
tion of ASP(LC) programs into MIP is fully general and thusrebunnecessary extra
variables could be introduced. E.g., in the case of JSPtthetsre of the translation is
more complex than the native MIP encoding. As a consequémedranslation-based
approach is likely to be slower due to extra time needed fopagation.

7 Related Work

Dutertre and de Moura [5] translate strict linear constsaimto non-strict ones using a
new variable) in analogy to Lemma 1. However, the variable remains unbedrficbm
above in their proposal. In contrast to this, an expliciteipound is introduced by our
translation. The bound facilitates computation: if thexflated set of constraints has no
solutionv with v(6) > 0 under a particular boung this result is conclusive and no



Benchmark b=10"" b=10"° b=10"7 b=1 b=10° sizd
Solved Time|Solved Time|Solved Time|Solved Time|Solved Time
Disj. Schedulin 10| 0.60 10| 0.78 10{ 0.99 10| 0.89 10/12.6Q 206

Ham. Routing 1000 30.79 100 24.52 100 23.14 10041.63 0| NA|155

Job Shop 100 9.76 100 9.56 100 25.98 100/14.61] 10(66.08387
Newspaper 100 22.64 100 21.61 93| 77.90 10040.76 0| NA|846
Routing Max. 100 0.11 100 0.14 100 0.25 100 0.5§ 100 0.69 7
Routing Min. 76/109.5 77/102.9 80/127.14  46|95.01 20|79.07368

Table 1.The effect of the bound > 0

Densi Decision Optimization | Decision | Optimization
ensity — = Tasks = -
MINGO" |[CPLEX|MINGO' |CPLEX MINGO" |[CPLEX|MINGO" |CPLEX

100 0.03 0.01 0.07 0.01 10 0.42 0.14 0.35 0.08
200 0.05 0.04 0.12 o0.01 200 4.04 0.1 1.56 0.14
30 0.92 NA| 50.81 NA 30 6.78 0.40 4.69 0.49
40/ 4162 NA NA NA 40, 13.74 0.724 12.18 1.62
500 13.94 NA NA| NA 50| 27.37 1.3 16.15 1.16
60| 6491 NA NA NA 60 4544 1.72 30.82 2.01
70, 357§ NA NA NA 70, 5154 1.57 47.85 1.80
80 8.02 95.4Q NA| NA 80| 88.72 2.34 6899 2.83
90 181.33 24.74 NA| NA 90| 114.33 297 79.28 6.43
100 146.18 13.88 NA NA 100 192.09 4.19 112.09 8.05

Table 2. Hamiltonian Routing Problem Table 3.Job Shop Problem

further computations are needed. Unbounded variablegabégmatic for typical MIP
systems and thus having an upper boundfisrimportant.

Given the extension of ASP(LC) programs with objective fiorts, MIP programs
can be seen as a special case of ASP(LC) programs, i.e.,yfdvithprogrampP with
an objective function (2) and constraints in (3), there i&\&®r(LC) programP’ whose
objective function is (2) and whose rules simply list the stoaints in (3) as theory
atoms (facts in ASP terminology). Note that in this setting hon-strict translation of
P’ is identical toP, sinceP’ involves non-strict constraints only.

In theory, all similar paradigms proposed in [1, 7, 12] coesal-valued constraints.
Moreover, a recent ASP systemnINGCON [7] is implemented where constraints over
integers are allowed in logic programs. But, to the best aflmowledge, there has
not been any system that supports real-valued constraamtsiteger-based objective
functions. With the non-strict translation of ASP progrante mixed integer programs,
we are able to implement these primitives in the context dPAS

8 Conclusion and Future Work

In this paper, we generalize a translation from ASP(LC) prots to MIP programs
so that linear constraints over real variables are enablesh$wer set programming.



Moreover, we introduce integer objective functions to ASPYlanguage. These re-
sults extend the applicability of answer set programmimggalfy, we compare the ASP
approach with the native MIP approach and the results shatvABP extensions in
question facilitate modeling and offer computational adage at least for some prob-
lems. Our results suggest that MIP and ASP paradigms carfibengually. Efficient
MIP formulations may be obtained by translating a compacP@E) program. On
the other hand, ASP language can be extended using MIP aoristand an objective
function to deal with problems that are not directly soheabithin standard ASP.

The future work will be focused on system development an@exgents. E.g., we
will study techniques to reduce the number of extra varmb&eded in translations and
to stop the solving phase early (as soon &s positive). These goals aim at more ef-
ficient implementation oMINGO"which also lacks a user-friendly front-end parser for
the moment. Experiments that compareiGo"with other constraint logic program-
ming systems [10] will also be conducted to provide insights improvingMINGO".
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