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Abstract. Level mapping and loop formulas are two different means #ifyiand characterize
answer sets for normal logic programs. Both of them speafyd@tions under which a supported
model is an answer set. Though serving a similar purposéerpast the two have been studied
largely in isolation with each other. In this paper, we stlglyel mapping and loop formulas for
weight constraint and aggregate (logic) programs. We shaty for these classes of programs, loop
formulas can be devised from level mapping characterizati&irst, we formulate a level mapping
characterization of stable models and show that it leadsnewaformulation of loop formulas for
arbitrary weight constraint programs, without using anw@éoms. This extends a previous result
on loop formulas for weight constraint programs, where Weigpnstraints contain only positive
literals. Second, since aggregate programs are closelteceto weight constraint programs, we
further use level mapping to characterize the underlyirsyan set semantics based on which we
formulate loop formulas for aggregate programs. The masultés that for aggregate programs
not involving the inequality comparison operator, the defsncy graphs can be built in polynomial
time. This compares to the previously known exponentia¢timethod.

Keywords: Logic programs, answer sets, weight constraints, agggsgiabop formulas.

1. Introduction

Logic programming under the stable model semantics [10]de&s extended to incorporate a variety
of constraints to facilitate knowledge representation sraboning. These constraints include weight
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constraints [23, 26, 27], aggregates [2, 5, 24, 28], andatistonstraints [20, 21, 25, 29]. We refer to
logic programs with these constraints as weight constraggregate, and abstract constraint programs,
respectively. Much research has been done on the applicatio implementations of weight constraint
and aggregate programs [3, 8, 11, 14, 18, 26].

It is known that every stable model of a normal logic program supported model of the program,
but the converse is not true in general. Loops are the reahahsupported models may not be stable
models. The approach to computing stable models of a nornogkgam, proposed by Lin and Zhao
[15], is to compute supported models of the program, nanfeyrtodels of the completion [1], and then
eliminate those that are not stable models, where loop flaigrare used to prune the search space. Loop
formulas are propositional formulas that capture the migionditions under which the atoms in a loop
can be in a stable model. Given a program, the loop formuk$oamulated in two steps: construct the
dependency graph of the given program and establish a farfoukach loop in the graph.

Liu and Truszczynski [18] extend the approach to weightst@int programs where the weight
constraints contain only positive literals and weightseyrdefine loop formulas for such programs. In
general, an arbitrary weight constraint can be transfortaaxhe that contains only positive literals and
weights [18, 19]. However, such a transformation introducew atoms. In theory, new atoms enlarge
the search space for stable model computation. An intagestiestion is whether the loop formulas for
arbitrary weight constraint programs can be formulatedhevit using extra atoms.

The method of level mapping has been studied to charactet@#gde models [4, 6, 22, 32]. We
observe that such a characterization is closely relatduetéormulation of loop formulas. From the level
mapping point of view, a loop formula can be satisfied by a sdgp model of a program if an atom in
the loop can be derived by the atoms that are not in the loohawel a strictly lower level. Despite this
close relationship, in the past level mapping and loop féasibhave been studied largely in isolation.

Our interest in this paper is to show how one can define loapditas based on a formulation of level
mapping, for weight constraint and aggregate programs:eSavel mapping is only a characterization
whereas the loop formula method constitutes a constrycti@n former is conceptually simpler than
the latter. Therefore, it is in general relatively easiedédine a level mapping, which can serve as a
basis for the formulation of loop formulas. In this paper, fekow this clue by first presenting a level
mapping characterization of the stable model semanticgéaght constraint programs and show that this
characterization leads to a new formulation of loop forradtar arbitrary weight constraint programs,
without introducing extra atoms.

Aggregate programs are closely related to weight constpimgram, since many aggregates can
be encoded by weight constraints [17]. There are differemiantics proposed for aggregate programs
[5, 7, 24, 28]. Among them, the semantics based on the nofieorditional satisfactions considered
the most conservative [29], in the sense that any answemnslet this semantics is an answer set under
others, but the reverse may not hold. We are interested irfiotineulation of loop formulas for this
semantics. To distinguish from the stable model semanfiege@ht constraint programs, we call the
semantics thanswer set semantits

Loop formulas for the answer set semantics are presentéd jnlp the approach, given a program,
the construction of the dependency graph requires congpuitmat is called "local power set” for the
constraints in the program, to capture conditional satigfa. In the worst case, the process takes an
exponential time in the size of the program. The questiohweaaddress in this paper is whether the

In the literature, stable model and answer set are usuadiyainangeable. But in this paper we use them for differenesics.
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construction of dependency graph can be done in polynomni& for aggregate programs. Again, we
tackle the problem by means of level mapping.

Son et al. [29] give a level mapping characterization of thewser set semantics for abstract con-
straint programs. To capture the conditional satisfactbm constraint, the definition of level of a
constraint needs to employ an exponential time checkinggas in the size of the domain of the con-
straint.

We investigate the level mapping characterization for egate programs and find that, for aggre-
gates, the conditional satisfaction checking can be rettegpolynomial time standard satisfaction
checking. Based on this finding, we give a level mapping atar&zation to answer sets. The char-
acterization induces a formulation of loop formulas, whiereal power sets are not needed and the
exponential process to compute them is avoided.

To summarize, the main contributions of this paper are:

¢ We characterize the stable model semantics of weight @nsprograms by means of level map-
ping. This result is new, as in the past no level mapping atariaations have been formulated
for this class of programs.

¢ We show that the above level mapping characterization lesalaew formulation of loop formulas
for arbitrary weight constraint programs without usingraxatoms, thus improving the previous
formulation which may need extra atoms and rules.

e We further use level mapping to characterize the answereseaustics of aggregate programs,
based on which we formulate loop formulas for these progravhere dependency graphs can be
built in polynomial time. In the previously known resulthjg process takes exponential time in
the worst case.

This paper is organized as follows. In Sections 2 and 3, otispdy, we present level mapping char-
acterizations and loop formulas for weight constraint aggragate programs, after a review of related
definitions. We compare the level mapping characterizataond loop formulas for weight constraint and
aggregate programs in Section 4. Section 5 relates thensavidevel mapping and loop formulas to the
recently introduced notions dével rankingandranking constraintd13, 22]. Finally, conclusions and
future work are given in Section 6.

The main results of this paper have been reported in a poaparpl6], without proofs. The main
extensions here include: (1) Section 4, where we demoast@t the level mappings and loop formu-
las reveal the difference between the stable model and theesirset semantics; (2) Section 5, where
we extend the level ranking characterization [13, 22] froonnmal logic programs to weight constraint
programs and show that level mapping and loop formulas @@neith level ranking and ranking con-
straints, respectively, for normal logic programs; andt(® detailed proofs of all the theorems and
lemmas.

2. Level mapping induced loop formulas for weight constrait programs

We assume a propositional language determined by a fixedaldarset of propositional atoms.
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2.1. Stable model semantics for weight constraint programs

A weight constrainis of the form
lar = wayy vy @ = W, , 00t by = Wy, , ..., 00t by, = wyp, | u 1)

where eachy;, b; is an atom. Atoms:,s and not-atomsiot bs are also callediterals (positive and
negativeliterals, respectively). We denote By (1V) the set of literals in a weight constraint. Each
literal in a constraint is associated witwaight The number$ andwu give the lower and upper bounds
of the constraint, respectively. The weights and boundsesatenumbers. Either of the bounds may be
omitted in which case the missing lower bound is taken te-be and the missing upper bound.

The weights of literals could be negative. In [26], it is peth out that negative weights can be
eliminated by the following transformation: Given a weigianstrainti?” of the form (1), ifw,, < 0,
then replace; = w,, withnot a; = |w,,| and increase the lower boundité |w,, | and the upper bound
to u + |wg, |; if wp, < 0, then replacewot b; = wy, With b; = |wy,| and increase the lower bound to
!l + |wy,| and the upper bound to+ |wy, |.

For instance, the weight constraint

—1[a1 = —1,a3 = 2,n0t by = 1,not by = —2] 1

can be transformed to
2 [nota; =1,a9 =2,not by = 1,bp = 2] 4

From now on, we assume that weights are non-negative if datdted otherwise.
A set of atomsV/ satisfies a weight constraifit” of the form (1), denoted/ = W, if (and only if)
I <w(W,M) < u, where

w(W, M) = Z Waq,; + Z Wy, (2)

aiEM b7€M

M satisfies a set of weight constraiiisf M = W for everyW e II.
A weight constraint prograns a finite set of rules of the form

Wo — Wi, ..., W, (3)

where eachV; is a weight constrainti¥y is theheadof the rule and{W, ..., W, } is thebody of the
rule. A weight constraint lika [l = 1] will be written asl. Given a ruler, we denote the head and body
of by hd(r) andbd(r), respectively. We usdt(P) to denote the set of the atoms appearing in program
P.

The stable models of weight constraint programs are defisiedy ihereductof weight constraints,
which is defined as: Léti” be a weight constraint of the form (1) aild a set of atoms. The reduct of
W w.r.t. M, denoted? ™ is the constraint

M [a1 = Way,y .ny Gy = W, ] 4)

wherel™ =1 -3, .y w,.
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Let P be a weight constraint program andl a set of atoms. The reduct &fw.r.t. M/, denotedP?,
is defined as

PY—fpewM .. WMIWy—Wy,...W, €P,
p € lit(Wy) N M and w(W;, M) < uforall s > 1}. (5)

Definition 2.1. ([26]) Let P be a weight constraint program afnd C At(P). M is astable modebf
P iff M is a model ofP and the deductive closure & .

Note that the deductive closure B can be computed by a fixpoint construction, using the operato
Tp defined in [18]. LetP be a weight constraint program, where the head of each rale &om and
the body contains no negative literals. The operdipis defined as:

Tp(S) = {h | 3Ir € P of the form h < bd(r) and S |= bd(r)}. (6)
The least fixpoint off'» can be constructed by
Tp0) =0, TpH0)=Te(Tp0), T = Uz TH0).
Then, we have the following proposition.
Proposition 2.1. Given a weight constraint prografi, a set of atoms\/ is a stable model of iff
M = PandM =T, (0).

Notation:

In the rest of this paper, we will use the following notatioi@&iven a weight constrainiy’ of the
form (1) and a set of atom&/, we defineM,(W) = {a; € M | a; € lit(W)} and My(W) = {b; €
M | not b; € lit(W)}. SinceW is always clear by context, we will simply writ&/, and M.

In general, an atom may appear both positively and neggiivel weight constraint. We call such an
atom adual atom. For example, the atomin the weight constraint[a = 1,not a = 2|1 is a dual atom.
Given a set of atoma/, if there are no dual atoms in a weight constrdintthenM,, (W) N M,(W) = 0,
otherwise M, (W) N M,(W) # (.

Following the notation in [29], for a set of atomi§ and a mapping from X to positive integers, we
define

H(X) =maz({\(a) |a € X}). 7)

For the empty sell, we definemax()) = 0 andmin()) = cc.

2.2. Level mapping characterization of stable models

Given a set of atom&, alevel mappingof X is a function from X to positive integers.
Definition 2.2. Let W be a weight constraint of the form (1)/ a set of atoms and a level mapping of
M. Thelevelof W w.r.t. M, denotedL (W, M), is defined as:

LW, M) =min({H(X,) | X C Mand w(W,Xo) > 1+ > wy}). (®)
b, e M\ Xa



30 G. Liu and J. You/ Level Mapping Induced Loop Formulas forgMeConstraint and Aggregate Programs

If there are no dual atoms ¥V, M, N X, = (. In this casey ", - x, ws, in formula (8) becomes
ZbiEM wbi .

Intuitively, thelevelof a weight constraintV, w.r.t. M, is determined by subsef§ C M satisfying
w(W, Xa) = 1+ 32 can x, W, The latter specifies a condition in whiéh is satisfied byX. Among
all x € X, since they represent a conjunction, we select the largest, land among alk C M, since
they represent a disjunction we select the smallest one.

Example 2.1. Let W = 1[a = 1,not a = 1,not b = 1] be a weight constraint)/ = {a} a set,
and \ a level mapping of\/. Considering the subset dff, X = 0, we havew(W, X,) = 2 and
L+ Ypemx, W, = 1+ we =20 wW,Xa) > 1+ 3 canx, Wy, Similarly, we can check
that the other subset dff, X’ = M also satisfies the inequality in formula (8). ThugW, M) =
min({H (0),H ({a})}). Note that the level of any atom is a positive number. Thenaveh(W, M)=0.

Definition 2.3. Let P be a weight constraint program add a set of atoms.M is said to belevel
mapping justifiedoy P if there is a level mapping of M, such that for each € M, there is a rule
r € P, such thab € lit(hd(r)), M = bd(r), and for eachV € bd(r), A(b) > L(W, M).

In this case, we say that the level mapphgstifiesM by P.

By a manipulation of inequalities, we prove

Lemma 2.1. Let W be aweight constraint of the form (1)f andX be two sets of atomsu(W ™, X,) >
ZM iff w(VV, Xa) Z l+ ZbieM\Xa Wy, -

Proof:
Note thatw(W, X,) = w(WM, X,) + > bigx, W~ Then, we haveo (W™, X,) > 1 — > bgnr Wh iff
w(W, Xa) > 1= 325 a0 Wo, + Dy, zx, Wy Which isw(W, X,) > 1+ ZbieM\Xa W, - O

Using Lemma 2.1, we can prove the following theorem.

Theorem 2.1. Let P be a weight constraint program afnd a set of atomsM is a stable model of iff
M is a model ofP and level mapping justified bi.

Proof:

(=) Since M is a stable model o, by Proposition 2.1/ is the deductive closure aP?. The
derivation of the least fixpoint of the operatdp, can be used to assign levels to the atomg/4n
assign an atorhin M to k if b € TF,, (0) andb ¢ Tlﬁ;,l((b). It can be seen clearly that the resulting level
mapping justifies\/ by P.

(«=) SupposeV is a model of P and level mapping justified by. Let \ be a level mapping that
justifies M by P. Then, for eacth € M, there is a rule- in P, such that € lit(hd(r)) and for each
W € bd(r), M =W andA(b) > L(W, M). By the definition ofL (W, M), for eachiV € bd(r), there is
asubsetX C M\ {b} such thato(W, Xo) > 1+ 3 1\ x, wh,;- From this we geto(W™, X,) > 1M,
by Lemma 2.1. Clearly, the level mappingenables the construction 8f as the least fixpoint of the
operatorl’pn . By proposition 2.1M is a stable model oP. O
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Example 2.2. Let P, be the program{a < 1lla = l,not a = l,not b = 1]}. LetW = 1fa =
l,not @ = 1,not b = 1], M = {a} and X\ be a level mapping of/. We haveL(W, M) = 0 (see
Example 2.1). Thereforg(a) > L(W, M) andM is level mapping justified by?;. M is a stable model
of P;.

2.3. Loop formulas for weight constraint programs
2.4, Completion

To characterize stable models by loop formulas, we needdheept ofcompletionof a program. The
models of the completion of a program are the supported maafehe program. Following [18], the
completion of a weight constraint prografhis defined as a set of formulas built from weight constraints
by means of Boolean connectivaesV and—.

LetS = {f1,..., fn} be a set of weight constraints or formulas built from weightstraints. We
denote the conjunctiofiy A ... A f,, by AS and the disjunctiorf; v ... vV f,, by VS.

Let P be a weight constraint program. The completionfyfdenotedComp(P), consists of the
following formulas.

(1) Abd(r) — hd(r), for every ruler € P, and
(2) x — v{Abd(r) | r € P,x € lit(hd(r))}, for every atome € At(P).

2.4.1. Loop formulas

The formulation of loop formulas consists of two steps: tamding a dependency graph and then
establishing a formula for each loop in the graph.

The dependency graph for a weight constraint program isets below.

Let P be a weight constraint program. Thlependency grapbf P, denotedGp = (V,E), is a
directed graph, where

e V= At(P), and

e (u,v) is a directed edge from to v in E, if there is a rule of the form (3) iP, such that. €
lit(Wy) andv € lit(W;), for somei (1 < ¢ < n).

LetG = (V, E) be a directed graph. A sétC V is aloopin G if the subgraph ofs induced byL
is strongly connected.

For aloop in the dependency graph, the level mapping indlamgaiformula is established to enforce
that the atoms in the loop must be justified by the atoms tleateairin the loop and have a strictly lower
level. Considering the definition di(1V, M) (see formula (8)), the condition requires that an atom in a
loop be derivable by a subs&t of M which contains no atoms in the loop and satisfies the ingguali
formula (8).

To enforce the above requirements, we definadisiriction of a weight constraint w.r.t. a loop.

Let W be a weight constraint andbe a set of atoms. Thestrictionof W w.r.t. L, denoteoW|L, is
the conjunction of weight constraint& ;, A W, 1, where

e W1, is obtained by removing the upper bound, all positive litethat are inL and their weights
from W, and
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e W, is obtained by removing the lower bound frdi.

Definition 2.4. Let P be a weight constraint program arida loop inGp. Theloop formulafor L,
denotedLF (P, L), is defined a&

LF(P,L)=\/L—\/{ /\ Wy |rePandLnlit(hd(r)) # 0} (9)
Webd(r)

Let P be a weight constraint program. Tloep completiorof P is defined as

LComp(P) = Comp(P)U{LF(P,L)| Lisaloopin Gp} (10)
With the definition of loop completion, we can prove

Theorem 2.2. Let P be a weight constraint program afd a set of atomsM is a stable model of iff
M is a model ofLComp(P).

Proof:
We consider rules of the form +— W, wherec is an atom andV a weight constraint of the form (1).
The proof can be extended straightforwardly to rules of guraniive body and a weight constraint in the
head (by the reduct defined in equation (5), given a set of afdinthe head weight constraint of a rule
is decomposed into rules each of which has a single atom inghd).

(=) SinceM is a stable model oP, by Theorem 2.1)M is a model ofP and level mapping justified
by P. Thus, there exists a level mappingrom At(P) to positive integers satisfying: for &l € M,
there is arulé < W such thatV/ = W andA(b) > L(W, M). By the definition of the level of a weight
constraint (cf. equation 8), there exists a&eC M \ L such thatw(W, X)) > 1+ >, can x, Wo,-

We need to prové! = LComp(P). For this purpose, lef be a loop inGp andb € L. Since a
stable model of” is a model ofP, we only need to prové! = Wy, A W, . SinceM = W, by the
definition of W, 1, thatM = W, ;, is immediate. We show! = W ;. By definition, we have

wWir, Xa) < X pennn Wa; + Dpex, W,
wWyr, M) =3 g, enn g Wa; + 2 gm Wo,
It can then be verified that

Zbigxa Wp; — ZbigM Wp; = ZbieM\XG W,

Hence
w(Wyp, M) > w(Wy 1, Xa) — ZbieM\Xa Wy,
We note that, by definition, we have(W”L, X,) = w(W, X,). Then, by substitution, we get

ZU(VV”L, M) > w(VV, Xa) - ZbiEM\Xa Wy,

2The same loop formula was also discovered by Yisong Wangit#ently and reported in [30]. The loop formula introduced
here is induced by a level mapping characterization, wisettezmone in [30] is defined directly.
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Sincew(W, Xa) = 1+ 3y, can x, We,» it follows w(Wy, M) > 1, i.e., M |= W . By the definition
of loop formulas, we havé/ = LF(P,L). As M is a model ofP, M = Comp(P). Since this holds
for any loop, we conclud@/ = LComp(P).

(<) AssumelM = LComp(P) and we show thad/ is a stable model oP. As M is a model of
P, we only need to show that there is a level mapping that jastdi by P. For this purpose, let be a
loop inGp. From the assumption that = LComp(P), we haveM = LF(P,L). ThenVb e MNL,
there exists a rulé «— W in P, such thatV = W, A Wy,;. We only need to show that there exists a
subsetX C M such thatw(W, Xa) > 1+ 3, x, We,- Below, we construct such ax.

Let X = M, \ L. Note thatw(Wy . M) = >_, cx, Wa, + D _p,z0s W, SinCEM |= Wy 1, we have
w(Wy, M) > 1. It follows that

ZaiEXG wai + ZbZQM wbi 2 l
ZaiEXa wai 2 l - Zb7€M wbz

Fromw (Wi, Xa) = > 4, cx, Was + D _p,zx, Wi WE get
wWyr, Xa) = 1= 320, g0 Wo, + 2 p,¢x, Wh
U)(VV”L, Xa) > 1+ ZM\Xa W,

Sincew(W) 1, Xa) = w(W, X,), we havew(W, Xq) > 1 + 32y cap x, wp,- Thus, by definition, there
is a level mapping\ where\(b) > maxz({\(a;) | a; € X}) that justifiesM by P. SinceM is a model
of P and level mapping justified b¥, it follows from Theorem 2.1 that/ is a stable model oP. O

Example 2.3. Consider the progran®; in Example 2.2. There is a loop ib = {a} in Gp,. The loop
formula is
a— lnota=1,notb=1]Afa=1,not a =1,not b= 1]

As the second weight constraint has no bounds, it is satiafiemmatically (we will follow this simplifi-
cation convention in later examples), the above formulagéfies to

a — 1ljnot @ = 1,not b = 1]

which is satisfied by the st/ = {a}. So,M is a stable model af;.

3. Level mapping induced loop formulas for aggregate progrens

3.1. Answer set semantics for aggregate programs

Following [28], we define the syntax and semantics of agdeegeograms as follows.
An aggregate is a constraint on sets taking the form

aggr({X | p(X)}) op Result (11)

whereaggr is anaggregate function The standard aggregate functions are thosgSidM, COUNT,
AVG, MAX, MIN }. The set{ X | p(X)} is calledintentional setwherep is a predicate, and is a
variable, which takes value from a sB{X) = {ay,...,a,}, calledvariable domain The relational
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operatorop is from {=,#, <, >, <,>} and Result is either a variable or a numeric constraint. The
domainof an aggregatel, denotedDom(A), is the set of atomép(a) | a € D(X)}.

Let M be a set of atomsM is amodelof an aggregatel, denotedM = A, if aggr({a | p(a) €
M N Dom(A)}) op Result holds, e.g.,{p(0),p(1)} is a model of SUM ({X|p(X)}) > 1, where
D(X)={-1,0,1}.

An aggregate program is a set of rules of the form

h+ Ay,.., A, (12)

whereh is an atom andl,, ..., A,, are aggregatésFor a ruler of the form (12),hd(r) andbd(r) denote
hand{Ay,..., A, }, respectively. We usdt(P) to denote the propositional atoms#h
The definition ofanswer setor aggregate programs is based on the noticzoatlitional satisfaction

Definition 3.1. Let A be an aggregatd? and.S two sets of atomsR conditionally satisfiesA, w.r.t. S,
denotedR =5 A, iff R = A and for every sef such thatR N Dom(A) C I C SN Dom(A), I | A.

Conditional satisfaction is naturally extended to confioms of aggregates.
Given two sets? and S, and an aggregate prografh the operatoép(R, S) is defined as:

Kp(R,S)={hd(r) |r € Pand R =g bd(r)}.

Kp is monotone w.r.t. its first argument, given that the secagdraent is fixed.

Definition 3.2. ([28]) Let P be an aggregate program ahfia set of atomsM is ananswer sebf P iff
M is the least fixpoint ofp (0, M), i.e., M = K(, M), whereK% (), M) = ¢ and K (0, M) =
Kp(KL(0, M), M), foralli > 0.

It has been shown that most standard aggregates can be drimodeight constraints [17] Espe-
cially, the aggregat®U M can be encoded by a weight constraint as follows.

Let A = SUM({X|p(X)}) < k be an aggregate, whef®(X) = {ay,...an,b1,...,b,}, andals
andb s are positive and negative numbers, respectivélis equivalent to the following weight constraint

W= [p(al) = as, ~~ap(am) = amap(bl) = by, ...,p(bn) = bn]k (13)

in the sense that for any set of atos M = A iff M = W. Using the transformation in Section 2.1,
W can be translated to

W(A) = [p(a1) = a1, ...,p(am) = am,not p(by) = b, ...,not p(b,) = bylk’ (14)

wherek’ = k+ > | |b;|. So, for any set of atom&/, M = Aiff M = W(A). We callW(A) the
weight constraint encodingf A.

AggregateSU M with other operators (except"Y can be encoded similarly, e.g., for the operator
“>", k' becomes the lower bound @f (A).

3In general A,’s can also be atoms or negative atoms, as the latter areabpasées of aggregates.
“The only exception is aggregates of the fati M (.) # k. For programs wittsU M (.) # k, the complexity of theinswer
set existence problern at the second level of the polynomial hierarchy, accardinSon and Pontelli [28].
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A nice property of aggregates is that its weight constrantoeling contains no dual atoms. This
property plays an important role in the proof of the lemmaggilater in this section.

In this section, we focus on programs with aggregeié\/ only, because: (1) It is a representative
aggregate in that the aggregate®U N'T' and AV G are special cases 6fU M [17]; (2) It is the most
commonly used aggregate in current practice of answer sgrgmming e.g., this is the case for the
benchmarks in the answer set programming system compefRio and (3) There are no technical
difficulties in extending the results to aggregate prograitls aggregated/ AX andM I N, since they
can be encoded by the aggreg&fé M .

In the rest of this section, by aggregates we mean standgrégajes without involving th& oper-
ator in theSU M aggregate function.

Summarizing the above exploration, we state

Proposition 3.1. Let A be an aggregate an@l (A) be its weight constraint encoding. Then, for any set
ofatomsI, I = Aiff I =W (A).
3.2. Level mapping characterization of answer sets

Definition 3.3. Let A be an aggregatéy/ a set of atoms and a level mapping of\/. Theanswer set
levelof A w.r.t. M, denotedL*(A, M), is defined as:

L*(A, M) = min({H(X) | X € M,w(W(A),Xa) > 1+ > w,, and (15)
b;eM
w(W(A), Xp) Su— > wa}).
aiEM

Example 3.1. Let A = SUM({X | p(X)}) < 0 be an aggregate, whef@(X) = {—1,1}. Then
W(A) = [p(1) = 1,not p(—1) = 1]1. Let M = {p(—1),p(1)} and\ be a level mapping al/, where
A(p(—=1)) = 1 and A(p(1)) = 2. It can be seen that the subsetsidfthat satisfy the inequalities in
formula (15) areX; = {p(—1)} and Xy = M. So, L*(A, M) = min({H({p(-1)}), H({p(-1),
p(H}) = Ap(=1) = L.

Definition 3.4. Let P be an aggregate program andl a set of atoms.M is said to bestrongly level
mapping justifiedy P if there is a level mapping of M satisfying that for each € M, there is a rule
r € P, such thab = hd(r), M = bd(r), and for eactd € bd(r), A\(b) > L*(A, M).

In this case, we say that the level mappigtrongly justifiesi by P.

The main result of this section follows from the followingriena, by which the conditional satisfac-
tion of an aggregate is reduced to the standard satisfagtiios weight constraint encoding.

Lemma 3.1. Let A be an aggregate, and and M be two sets of atoms such th&t C M. X =y A
iff

e wW(W(A),X,) >1+ ZbieM wy,, and

e w(W(A),Xp) <u-— ZaieM Wa,

wherel andu are the lower and upper boundsidf(A), respectively.
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Proof:

(=) AssumeX [, A, and we show that the two inequalities above hold. Bet= M, U X,.
ThenX C S C M andS | W(A). Itfollows thatw(W(A),S) = w(W(A), Xa) — >y cpr W,
andw(W(A),S) > I. Then we havev(W(A), Xo) > 1+ >, cppwp,- This is the first inequality.
Let S’ = M, U X;,. We then haveX C S C M andS’ = W(A). Then clearlyw(W (A),S") =
D aien Wa; T D pax, Wh;- Note thaty s, o wy, = w(W(A), Xp), from which we derivew(W (A),
S') = e Wa; + w(W(A), Xp). According to the choice of’, we havew(W (A), S) < u, and so
w(W(A), Xp) <u— ), cprWa,- Thisis the second inequality.

(<) Assuming that the two inequalities in the lemma hold, wensBd =, A4, i.e., we need to prove
that for anyS such thatX C S C M, S = A. Let S be any set withX C S C M. Clearly, X, C S,
and S, C M,. Thusw(W(A),S) > w(W(A), Xa) — D penr wo,- It follows w(W(A),S) > L.
SinceX C S C M, we also haveS, C M, and X, C S, and it follows thatw(W(A),S) <
w(W(A), Xp) + >0, enr Wa;- Thusw(W(A), S) < u. As both lower and upper bounds are satisfied by
S, we haveS = W (A), and by Proposition 3.1 we gst= A. We are done. O

Now we are ready to give the main theorem of this section.

Theorem 3.1. Let P be an aggregate program afmfla set of atomsM is an answer set aP iff M is
a model of P and strongly level mapping justified Y.

Proof:

(=) SinceM is an answer set d?, thenM is a model ofP andM = Kg°((), M). The derivation of the
least fixpoint of the operatdk » can be used to assign levels to the atomafinassign an atorh in M
tokifbe Kl’g((b, M) andb ¢ K]"i*l((b, M). It can be verified that the resulting level mapping strongly
justifies M by P.

(<) By the definition of the answer set level of an aggregate (tefh 15) and Lemma 3.1, we
haveVvb € M, thereisarule € P and asef? C M \ {b} such that = hd(r) andR |=, bd(r). So,
be K¥(0,M). ThusM C K (0, M). Note thatK @ (0, M) C M, due to the monotonicity o p.
Thus we havell = K (0, M), that is,M is an answer set aP. a

Example 3.2. Let P, be the program
p(=1) < p(1) < SUM{X | p(X)}) <0.

Let M = {p(—1),p(1)} and A be a level mapping of\/, where\(p(—1)) = 1 and A(p(1)) = 2.
We haveL*(A, M) = 1 (cf. Example 3.1). Therefore\(p(1)) > L*(A, M) and M is strongly level
mapping justified byP,. Hence,M is an answer set af,.

3.3. Loop formulas for aggregate programs
3.3.1. Completion

The completion of an aggregate program consists of the sainef $ormulas as that of weight con-
straint programs, except that the weight constraints ifidhaulas are the weight constraint encoding of
aggregates.
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3.3.2. Loop formulas

Let P be an aggregate program. Ttependency grapbf P, denoted=%, = (V, E), is a directed graph,
where

o V = At(P),

e (u,v) is a directed edge from to v in E, if there is a rule of the form (12) i, such that
u = hd(r), and eithew ornot v € lit(W (A;)), for somei (1 < i < n).

Now we give thestrong restrictionof an aggregate w.r.t. a loop by defining the strong resbrictif a
weight constraint. Letl be a weight constraint antd a set of atoms. The strong restrictionl®f, w.r.t.
L, denotedW‘*L, is a conjunction of weight constrain ”L A W*lL, where

. W[‘*L is obtained by removing frorfi’ the upper bound, all positive literals that arelirand their

weights;

° W*|L is obtained by removing fromV" the lower boundnot b; = w,, for eachb; € L, and
changing the upper bound to be- >, wy, .

The strong restriction of an aggregatew.r.t. a loopL is defined as the strong restriction of its weight
constraint encoding w.r.t. the Iodpq*L(A).

Definition 3.5. Let P be an aggregate program ahd loop inG%. The loop formula forL, denoted
LF*(P, L), is defined as

LrPL)=\/L-\{ A\ W|L )| r € Pand hd(r) € L} (16)
Aebd(r

Let P be an aggregate program. The loop completio® pflenotedZ.C'omp*(P), is defined as
LComp*(P) = Comp(P)U{LF*(P,L) | Lisaloopin Gp} 17)
We prove the following theorem.

Theorem 3.2. Let P be an aggregate program aifla set of atomsM is an answer set aP iff it is a
model of LComp*(P).

Proof:

Below, since the aggregaﬂain consideration is always clear by context, for notaticc@ivenience, we
will use respectively, Wy, , andW 7, to representV (A), Wy, (A), andW 7, (A). We consider the
rule of the formh < A. The proof can be generalized easily to arbitrary rules.

(=) SinceM is an answer set dP, by Theorem 3.1)/ is a model ofP and strongly level mapping
justified by P. Thus, there exists a level mappihdrom At (P) to positive integers satisfying/b € M, 3
aruleb + Win P, such thatM = W andA(b) > L*(A, M). By definition, the latter means there
exists a subseX C M, such thato(W, Xo) > 1+ 3y cpp wp, andw(W, Xp) <u— 3,y W,

We need to show that/ = LComp(P). For this purpose, let be a loop inG}, andb € L. Since
an answer set aP is a model ofP, we only need to show the satisfaction of bounds definew’@ i.e.,
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M = Wi, AW, .,- The proof of M = Wi, is similar to that of Theorem 2.2. We provid = USTR

First, by definition, we have

w(W, My \ Lp) < w(W, Xp)
w(W, My \ Lp) = w(W, M) = >, car Wa; + D p.er,nnr, Wb

Sincew(W, Xp) < u — >, s Wa,, it follows w(W, M) + > <1 ~ny, wp, < u. Note that, by def-
inition, w(W;*'L,M) = w(W, M) = > cp Wo; + D p.cr,nm, Whi- Then, we haveu(W;*'L,M) <
U= per Wy, thatisM = W7 ;. We are done.

(<) AssumeM = LComp(P), and we show that/ is an answer set. Ldt be a loop inG%},, hence
M = LF*(P,L). Then¥b € M N L, there exists a rulé <~ W in P, such that\/ = L AWar

We need to show that there exists a sétC M such thatw(W, X,) > 1 + >, 5 ws, and
wW, Xp) < u— 3, cpyWa;- LEELX = X, U Xy, whereX, = M, \ L, and X, = M, \ Ly.
The proof of the first inequality is similar to the proof of Tdrem 2.2. We show the second inequality.

Since M = Wi, we havew(Wj‘L,M) < w = Yy Wy, By definition, w(Wy M) =
w(W, M) — >y cp Wo; + . crnn Wo;- It follows w(W, M) < u — 37, 7 wp,. By definition,
wW, Xp) = wW, M) = 3.4 cnr Wai + Dpernn W, SinCw(W, M) < w — 32y cropy we;, We
have w(W, Xy) < w — >, cpywa,- Thus, by definition, there is a level mapping whev@) >
maz({A(b;) | b; € Xp}) that strongly justifies\/ by P. As M is a model of P, by Theorem 3.1,
we conclude thad/ is an answer set a?. 0

Example 3.3. Consider the progrant in Example 3.2. There is a loofp(1)} in G%,. The loop
formula isp(1) — [p(1) = 1,not p(—1) = 1]1, which is satisfied by the sé&t/ = {p(—1),p(1)}. So,
M is an answer set aP,.

Remark

In the approach presented in this section, given a progfarthe dependency grapli}, can be
constructed by going through each rule, where an edge isibuif}, from the head of the rule to each
literal in the domain of aggregates in the body of the rulee Pplocess takes time linear in the sizefbf
(number of rules plus the number of atomdih The exponential time process required in the approach
[31] is therefore avoided. The establishment of the fornfimila loop is also linear in the size &f, since
the restriction of an aggregate can be obtained in linear iotording to the definition.

It can be shown that any loop defined in [31] is a loop define@,Haut the reverse does not hold.
This is because we count negative dependencies as edgesieddtathere are more loops under this
definition. However, for many of these loops, their loop fatas can be satisfied by any supported
model (need not to be constructed in practice). For exargplen the following program:

a <+ lnot b=1] b+ 1ljnot a=1]

L = {a,b} is aloop by our definition. The loop formula éfis satisfied by any supported model of the
program.

4. A comparison

Weight constraint programs and aggregate programs aredgithprograms with constraints, but they
have different semantics. Our level mapping charactéoizatand loop formulas reveal the difference
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between the semantics. Comparing the definition of the lefeleight constraints in formula (8) to the
answer set level of aggregates in formula (15), one can sg¢hh atoms inX, that are negative ifl
and the upper bound ¥ are not considered in formula (8), while they are constidiog the second
inequality in formula (15).

Naturally, the difference is also manifested by the looprfolas for weight constraint and aggre-
gate programs, respectively. For the stable model sensamggative dependencies between atoms do
not contribute to loop formulas, while they do for the answet semantics. The following example
demonstrates how level mapping and loop formulas captisealitierence.

Example 4.1. Let P; be the aggregate prografp(—1) < SUM ({X|p(X)}) < —1}, whereD(X) =
{—1}. We denote the aggregate by A. We havelV (A) = [not p(—1) = 1]0. The weight constraint
program counterpart aPs is P = {p(—1) < [not p(—1) = 1]0}.

Consider the set/ = {p(—1)}. For programPs; and any level mapping, we haveL*(A, M) =
A(p(—1)), since the only subset dff that satisfies the inequalities in formula (15)i5itself. Namely,
p(—1) depends on itself, even though it appears negatively in tuy lof the rule. There is a loop
{p(=1)} in G%,. The loop formulaisp(—1) — [] — 1, which is not satisfied by/. ThusM is not an
answer set of%;.

For programP; and any level mapping, we haveL (W (A), M) = 0, sincel satisfies the inequality
in formula (8). There is no loop iﬁlpé. It can be verified thad/ is a stable model aP;.

5. Relation to level ranking characterization

Recently in [22], stable models of normal logic programs creracterized using a notion callkvel
ranking This characterization enables an alternative mechamisstdble model computation for normal
logic programs usingdifference logid13]. Our interest in this section is to relate our work witlistnew
development. The main observations are

e For normal logic programs, level mapping and level rankingncide. As a result, our work on
level mapping can be viewed as an extension of level rankigeight constraint programs.

e For normal logic programs, loop formulas correspondaioking constraintsn difference logic
encoding [13, 22]. We show a concrete establishment bettinetwo.

Recall that a normal logic prograif is a set of rules of the form
a < by,...,by,n0t cq,...,n0t . (18)

wherea, b; andc; are atoms. Given a prografand a set of atoma/, a level rankingr of M for P is

a mapping from\/ to natural numbers, such that for each atom M, there is a rule: in the program
reductP™ wherehd(r) = a andir(a) > Ir(b) for eachb € bd(r). A model M of a programP is a
stable model of? if and only if there is a level ranking a¥/ for P.

For normal logic programs, the level mapping charactadratoincides with the level ranking char-

acterization, which can be stated as: A matiebf a programP is level mapping justified by iff there

is a level ranking of\/ for P. This can be easily seen as follows. Given an atcsnd a set of atoma/,
by the definition ofL (W, M), we haveL(a, M) = A(a), if a € M; L(a, M) = oo, otherwise. Thus, for
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normal logic programs the definition of level ranking is tleeng as that of level mapping justification
(Definition 2.3). Therefore, the existence of a level ragkiar M corresponds to the statement tiat
is level mapping justified.

The concept of level ranking can be extended to weight caim$tprograms, using the notion of the
levels of weight constraints.

Definition 5.1. Let M be a set of atoms ankt be a weight constraint program. A function M — N
is a level ranking of\/ for P iff for eacha € M, there is a rule- € PM such that € lit(hd(r)) and
for everyW in bd(r), A(a) > L(W, M).

The level ranking characterization of stable models forghetonstraint programs can be stated as
follows.

Proposition 5.1. Let M be a model of weight constraint prografh M is a stable model oP iff there
is a level ranking of\/ for P.

Proposition 5.1 follows from Theorem 2.1.

Based on the level ranking characterization, a translasogoroposed in [13, 22], which maps a
normal logic programP to a set ofdifference logicformulasTy;g(P). Tuis(P) consists of two parts:
the standard Clark’s completiafiC' (P) and ranking constraint®(P). It turns out that each satisfying
valuation ofTy;¢(P) corresponds to a stable model Bf Below, we show that ranking constraints of a
program play the same role as our loop formulas.

Difference logic is an extension of propositional logic bipaing simple linear constraints of the
formz; + k > x; wherex;, x; are integer variables aridis an integer constant.

A valuationT consists of a pair of functionsp: P — {T, L} and7ry : X — Z, whereP is a set
of propositional atoms] valuetrue, 1 value false, and X a set of integer variables. A valuation is
extended to formulas by definingx; + k > ;) = T iff 7x(x;) + k > 71 (x;) and applying the usual
rule for the Boolean connectives. A formufds satisfied by a valuationiff 7(f) = T.

The completionC'C'(P) consists of the set of following formulas for each atane At¢(P): if a
does not appear as a head of any rule®inthe formula—a is included. Otherwise the formula +»
bdl Vv --- v bd¥ is included for each rule of the form (18) and, furthermooe,efach such rule a formula
bdl <+ by A+ by, A ey -+ e, is added, wheréd?, is a new atom associated to the rule.

The ranking constraint®(P) consists of a set of formulas

a—)\/le(bdfl/\(xa—lszl)/\---/\(:ca—lszm)) (29)

for each atomu which hask > 1 rules of the form (18) inP wherex;,’s are integer variables associated
to the atom9);’s in the bodies of the rules.

It is easy to prove that a set of atoms is a supported mod#! ibfand only if there is a satisfying
valuationT of CC(P), such thatM = {a | a € At(P) and 7p(a) = T}. Below, we show that, for
normal logic programs, ranking constraints play the sarteeas that of loop formulas.

Theorem 5.1. Let P be a normal logic program antd a supported model aP. M = LF(P, L) for
each loopL in G, iff there is a satisfying valuation of R(P) such thatM = {a | 7p(a) = T}.
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The statement follows from the fact that the notion of levaiking coincides with that of level
mapping, and the notion of level mapping justification cgpands to models of completion plus loop
formulas, for weight constraint programs (cf. Theorem 2ijvhich normal logic programs are a special
case. However, for normal logic programs, a direct proofaserdesirable, since it explicitly shows that
loop formulas play the same role as that of ranking congtraimthe characterization of stable models.
We give such a proof below.

Proof:
(=) Let f be a formula of the form (19) i&(P). If a is not on any loop, the proof is trivial. Ldt be a
loop anda € L. SinceM |= LF(P, L), thereis arule in P, such thahd(r) = aandM = Ayepacr)bir,
whereby, is the restriction ob w.r.t L. By the definition of restriction, we have, = 1[ ], if b € L and
b = b,if b ¢ L. SinceM = Ayepa(r)byz, b & L for eachb € bd(r). Suppose is associated tod” in
R(P). Then a valuation can be constructed such that(a) = T, 7p(bd%) = T, 7p(b;) = T for all
b; € bd(r), 7p(¢;) = L forallnot ¢; € bd(r), andrx(xq) > Ta (), - T (Ta) > Tx (20, )-

(<) Let L be aloop. LF(P,L) = VL — V{peparybjr | 7 € P, a = hd(r), and a € L}. Let
a € LN M. There is a formula irR(P) of the form (19). Suppos&d’, in the formula is associated to
the ruler. Then there is a satisfying valuationof R(P), such thatM = {a | 7p(a) = T}. We have
rp(a) = T, 7p(bd}) = T. SinceM is a supported modetp (b;) = T for eachb; € bd(r), 7P(c;) = L
for eachnot ¢; € bd(r). Thusb;, € M for eachl < i < m. Sincery(zy) > Tx(Tp,), -, Ta(Ta) >
Tx(xp,, ), we have, fol <i < m,b; ¢ L. Therefore M = LF(P,L). 0

From the computational point of view, loop formulas and iaglconstraints have their own strengths
and weaknesses, which can be summarized as follows.

e Loop formulas are constructed on the fly. Only when a modebafmetion is generated which
fails to be a stable model, the loop formula for a loop thatseauthe failure is constructed. In
many cases, loop formulas need not be constructed at all [12pntrast, ranking constraints are
introduced for rules in a given program, no matter whetherelactually exist loops or not, or
whether a loop contributes to the generation of a model ofpdetion which is not a stable model.

e The number of loops could be exponential in the size of a piragn the worst case, but the size
of ranking constraints is linear in the size of a program.

6. Conclusion and future work

We have presented level mapping characterizations of d@wdor weight constraint programs and
aggregate programs, respectively, based on which we hgwewed the formulation of loop formulas
for these programs. For arbitrary weight constraint prot;awe have proposed a formulation of loop
formulas that does not require introducing any new atoms;alRcaggregate program, we have shown
that the dependency graph can be constructed in time polghomthe size of the program.

A number of issues require further investigation. Firsg tbvel mapping and loop formulas are
defined on aggregat€U M. For the aggregate®/ AX and M IN, an encoding of these aggregates in
terms of theSU M aggregate is nontrivial [17], and direct definitions may lsited for intuitiveness.
Secondly, as we have mentioned, there may be many redurodgust [Thus, our result may be more ap-
propriately regarded as evidence of the existence of a polyad time construction of dependency graph
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in order to formulate loop formulas, rather than a practmalposal which is ready for implementation.
The impact of the redundant loops on efficiency and the plessitethods to remove them are worth
further study.

Finally, though we are able to relate level mapping with lesaking and extend the latter definition
to weight constraint programs, it remains open as whetheetbxists a polynomial encoding of level
ranking in difference logic, for weight constraint progmmEssentially, the question is whether the
approach of answer set computation by difference logic @ngoand solvers can be suitably extended
from normal logic programs to weight constraint programs.
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