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Abstract. Level mapping and loop formulas are two different means to justify and characterize
answer sets for normal logic programs. Both of them specify conditions under which a supported
model is an answer set. Though serving a similar purpose, in the past the two have been studied
largely in isolation with each other. In this paper, we studylevel mapping and loop formulas for
weight constraint and aggregate (logic) programs. We show that, for these classes of programs, loop
formulas can be devised from level mapping characterizations. First, we formulate a level mapping
characterization of stable models and show that it leads to anew formulation of loop formulas for
arbitrary weight constraint programs, without using any new atoms. This extends a previous result
on loop formulas for weight constraint programs, where weight constraints contain only positive
literals. Second, since aggregate programs are closely related to weight constraint programs, we
further use level mapping to characterize the underlying answer set semantics based on which we
formulate loop formulas for aggregate programs. The main result is that for aggregate programs
not involving the inequality comparison operator, the dependency graphs can be built in polynomial
time. This compares to the previously known exponential time method.
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1. Introduction

Logic programming under the stable model semantics [10] hasbeen extended to incorporate a variety
of constraints to facilitate knowledge representation andreasoning. These constraints include weight
∗Address for correspondence: Department of Computing Science, University of Alberta, Edmonton, Canada
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constraints [23, 26, 27], aggregates [2, 5, 24, 28], and abstract constraints [20, 21, 25, 29]. We refer to
logic programs with these constraints as weight constraint, aggregate, and abstract constraint programs,
respectively. Much research has been done on the application and implementations of weight constraint
and aggregate programs [3, 8, 11, 14, 18, 26].

It is known that every stable model of a normal logic program is a supported model of the program,
but the converse is not true in general. Loops are the reasonsthat supported models may not be stable
models. The approach to computing stable models of a normal program, proposed by Lin and Zhao
[15], is to compute supported models of the program, namely the models of the completion [1], and then
eliminate those that are not stable models, where loop formulas are used to prune the search space. Loop
formulas are propositional formulas that capture the logical conditions under which the atoms in a loop
can be in a stable model. Given a program, the loop formulas are formulated in two steps: construct the
dependency graph of the given program and establish a formula for each loop in the graph.

Liu and Truszczyński [18] extend the approach to weight constraint programs where the weight
constraints contain only positive literals and weights. They define loop formulas for such programs. In
general, an arbitrary weight constraint can be transformedto one that contains only positive literals and
weights [18, 19]. However, such a transformation introduces new atoms. In theory, new atoms enlarge
the search space for stable model computation. An interesting question is whether the loop formulas for
arbitrary weight constraint programs can be formulated without using extra atoms.

The method of level mapping has been studied to characterizestable models [4, 6, 22, 32]. We
observe that such a characterization is closely related to the formulation of loop formulas. From the level
mapping point of view, a loop formula can be satisfied by a supported model of a program if an atom in
the loop can be derived by the atoms that are not in the loop andhave a strictly lower level. Despite this
close relationship, in the past level mapping and loop formulas have been studied largely in isolation.

Our interest in this paper is to show how one can define loop formulas based on a formulation of level
mapping, for weight constraint and aggregate programs. Since level mapping is only a characterization
whereas the loop formula method constitutes a construction, the former is conceptually simpler than
the latter. Therefore, it is in general relatively easier todefine a level mapping, which can serve as a
basis for the formulation of loop formulas. In this paper, wefollow this clue by first presenting a level
mapping characterization of the stable model semantics forweight constraint programs and show that this
characterization leads to a new formulation of loop formulas for arbitrary weight constraint programs,
without introducing extra atoms.

Aggregate programs are closely related to weight constraint program, since many aggregates can
be encoded by weight constraints [17]. There are different semantics proposed for aggregate programs
[5, 7, 24, 28]. Among them, the semantics based on the notion of conditional satisfactionis considered
the most conservative [29], in the sense that any answer set under this semantics is an answer set under
others, but the reverse may not hold. We are interested in theformulation of loop formulas for this
semantics. To distinguish from the stable model semantics of weight constraint programs, we call the
semantics theanswer set semantics1.

Loop formulas for the answer set semantics are presented in [31]. In the approach, given a program,
the construction of the dependency graph requires computing what is called ”local power set” for the
constraints in the program, to capture conditional satisfaction. In the worst case, the process takes an
exponential time in the size of the program. The question that we address in this paper is whether the

1In the literature, stable model and answer set are usually interchangeable. But in this paper we use them for different semantics.
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construction of dependency graph can be done in polynomial time for aggregate programs. Again, we
tackle the problem by means of level mapping.

Son et al. [29] give a level mapping characterization of the answer set semantics for abstract con-
straint programs. To capture the conditional satisfactionof a constraint, the definition of level of a
constraint needs to employ an exponential time checking process, in the size of the domain of the con-
straint.

We investigate the level mapping characterization for aggregate programs and find that, for aggre-
gates, the conditional satisfaction checking can be reduced to polynomial time standard satisfaction
checking. Based on this finding, we give a level mapping characterization to answer sets. The char-
acterization induces a formulation of loop formulas, wherelocal power sets are not needed and the
exponential process to compute them is avoided.

To summarize, the main contributions of this paper are:

• We characterize the stable model semantics of weight constraint programs by means of level map-
ping. This result is new, as in the past no level mapping characterizations have been formulated
for this class of programs.

• We show that the above level mapping characterization leadsto a new formulation of loop formulas
for arbitrary weight constraint programs without using extra atoms, thus improving the previous
formulation which may need extra atoms and rules.

• We further use level mapping to characterize the answer set semantics of aggregate programs,
based on which we formulate loop formulas for these programs, where dependency graphs can be
built in polynomial time. In the previously known results, this process takes exponential time in
the worst case.

This paper is organized as follows. In Sections 2 and 3, respectively, we present level mapping char-
acterizations and loop formulas for weight constraint and aggregate programs, after a review of related
definitions. We compare the level mapping characterizations and loop formulas for weight constraint and
aggregate programs in Section 4. Section 5 relates the notions of level mapping and loop formulas to the
recently introduced notions oflevel rankingandranking constraints[13, 22]. Finally, conclusions and
future work are given in Section 6.

The main results of this paper have been reported in a poster paper [16], without proofs. The main
extensions here include: (1) Section 4, where we demonstrate how the level mappings and loop formu-
las reveal the difference between the stable model and the answer set semantics; (2) Section 5, where
we extend the level ranking characterization [13, 22] from normal logic programs to weight constraint
programs and show that level mapping and loop formulas coincide with level ranking and ranking con-
straints, respectively, for normal logic programs; and (3)the detailed proofs of all the theorems and
lemmas.

2. Level mapping induced loop formulas for weight constraint programs

We assume a propositional language determined by a fixed countable set of propositional atoms.
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2.1. Stable model semantics for weight constraint programs

A weight constraintis of the form

l [a1 = wa1 , ..., an = wan , not b1 = wb1 , ..., not bm = wbm ] u (1)

where eachai, bj is an atom. Atomsa′is and not-atomsnot b′is are also calledliterals (positiveand
negativeliterals, respectively). We denote bylit(W ) the set of literals in a weight constraint. Each
literal in a constraint is associated with aweight. The numbersl andu give the lower and upper bounds
of the constraint, respectively. The weights and bounds arereal numbers. Either of the bounds may be
omitted in which case the missing lower bound is taken to be−∞ and the missing upper bound∞.

The weights of literals could be negative. In [26], it is pointed out that negative weights can be
eliminated by the following transformation: Given a weightconstraintW of the form (1), ifwai < 0,
then replaceai = wai with not ai = |wai | and increase the lower bound tol+ |wai | and the upper bound
to u + |wai |; if wbi < 0, then replacenot bi = wbi with bi = |wbi | and increase the lower bound to
l + |wbi | and the upper bound tou+ |wbi |.

For instance, the weight constraint

−1 [a1 = −1, a2 = 2, not b1 = 1, not b2 = −2] 1

can be transformed to
2 [not a1 = 1, a2 = 2, not b1 = 1, b2 = 2] 4

From now on, we assume that weights are non-negative if not indicated otherwise.
A set of atomsM satisfies a weight constraintW of the form (1), denotedM |= W , if (and only if)

l ≤ w(W,M) ≤ u, where

w(W,M) =
∑

ai∈M

wai +
∑

bi 6∈M

wbi (2)

M satisfies a set of weight constraintsΠ if M |= W for everyW ∈ Π.
A weight constraint programis a finite set of rules of the form

W0 ←W1, ...,Wn (3)

where eachWi is a weight constraint.W0 is theheadof the rule and{W1, ...,Wn} is thebodyof the
rule. A weight constraint like1 [l = 1] will be written asl. Given a ruler, we denote the head and body
of r byhd(r) andbd(r), respectively. We useAt(P ) to denote the set of the atoms appearing in program
P .

The stable models of weight constraint programs are defined using thereductof weight constraints,
which is defined as: LetW be a weight constraint of the form (1) andM a set of atoms. The reduct of
W w.r.t. M , denotedWM , is the constraint

lM [a1 = wa1 , ..., an = wan ] (4)

wherelM = l −
∑

bi 6∈M
wbi .
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LetP be a weight constraint program andM a set of atoms. The reduct ofP w.r.t. M , denotedPM ,
is defined as

PM = {p←WM
1 , . . . ,WM

n |W0 ←W1, . . .Wn ∈ P,

p ∈ lit(W0) ∩M and w(Wi,M) ≤ u for all i ≥ 1}. (5)

Definition 2.1. ([26]) Let P be a weight constraint program andM ⊆ At(P ). M is astable modelof
P iff M is a model ofP and the deductive closure ofPM .

Note that the deductive closure ofPM can be computed by a fixpoint construction, using the operator
TP defined in [18]. LetP be a weight constraint program, where the head of each rule isan atom and
the body contains no negative literals. The operatorTP is defined as:

TP (S) = {h | ∃r ∈ P of the form h← bd(r) and S |= bd(r)}. (6)

The least fixpoint ofTP can be constructed by

T 0
P (∅) = ∅, T i+1

P (∅) = TP (T
i
P (∅)), T∞

P (∅) = ∪∞i=0T
i
P (∅).

Then, we have the following proposition.

Proposition 2.1. Given a weight constraint programP , a set of atomsM is a stable model ofP iff
M |= P andM = T∞

PM (∅).

Notation:
In the rest of this paper, we will use the following notations: Given a weight constraintW of the

form (1) and a set of atomsM , we defineMa(W ) = {ai ∈ M | ai ∈ lit(W )} andMb(W ) = {bi ∈
M | not bi ∈ lit(W )}. SinceW is always clear by context, we will simply writeMa andMb.

In general, an atom may appear both positively and negatively in a weight constraint. We call such an
atom adualatom. For example, the atoma in the weight constraint1[a = 1, not a = 2]1 is a dual atom.
Given a set of atomsM , if there are no dual atoms in a weight constraintW , thenMa(W )∩Mb(W ) = ∅,
otherwise,Ma(W ) ∩Mb(W ) 6= ∅.

Following the notation in [29], for a set of atomsX and a mappingλ fromX to positive integers, we
define

H(X) = max({λ(a) | a ∈ X}). (7)

For the empty set∅, we definemax(∅) = 0 andmin(∅) =∞.

2.2. Level mapping characterization of stable models

Given a set of atomsX, a level mappingof X is a functionλ from X to positive integers.

Definition 2.2. LetW be a weight constraint of the form (1),M a set of atoms andλ a level mapping of
M . Thelevelof W w.r.t. M , denotedL(W,M), is defined as:

L(W,M) = min({H(Xa) | X ⊆M and w(W,Xa) ≥ l +
∑

bi∈M\Xa

wbi}). (8)
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If there are no dual atoms inW , Mb ∩Xa = ∅. In this case,
∑

bi∈M\Xa
wbi in formula (8) becomes∑

bi∈M
wbi .

Intuitively, thelevelof a weight constraintW , w.r.t. M , is determined by subsetsX ⊆M satisfying
w(W,Xa) ≥ l +

∑
bi∈M\Xa

wbi . The latter specifies a condition in whichW is satisfied byX. Among
all x ∈ X, since they represent a conjunction, we select the largest level, and among allX ⊆ M , since
they represent a disjunction we select the smallest one.

Example 2.1. Let W = 1[a = 1, not a = 1, not b = 1] be a weight constraint,M = {a} a set,
andλ a level mapping ofM . Considering the subset ofM , X = ∅, we havew(W,Xa) = 2 and
l +

∑
bi∈M\Xb

wbi = 1 + wa = 2. w(W,Xa) ≥ l +
∑

bi∈M\Xb
wbi . Similarly, we can check

that the other subset ofM , X ′ = M also satisfies the inequality in formula (8). Thus,L(W,M) =
min({H(∅),H({a})}). Note that the level of any atom is a positive number. Then we haveL(W,M)=0.

Definition 2.3. Let P be a weight constraint program andM a set of atoms.M is said to belevel
mapping justifiedby P if there is a level mappingλ of M , such that for eachb ∈ M , there is a rule
r ∈ P , such thatb ∈ lit(hd(r)), M |= bd(r), and for eachW ∈ bd(r), λ(b) > L(W,M).

In this case, we say that the level mappingλ justifiesM by P .

By a manipulation of inequalities, we prove

Lemma 2.1. LetW be a weight constraint of the form (1),M andX be two sets of atoms.w(WM ,Xa) ≥
lM iff w(W,Xa) ≥ l +

∑
bi∈M\Xa

wbi .

Proof:
Note thatw(W,Xa) = w(WM ,Xa) +

∑
bi 6∈Xa

wbi . Then, we havew(WM ,Xa) ≥ l −
∑

bi 6∈M
wbi iff

w(W,Xa) ≥ l −
∑

bi 6∈M
wbi +

∑
bi 6∈Xa

wbi , which isw(W,Xa) ≥ l +
∑

bi∈M\Xa
wbi . ⊓⊔

Using Lemma 2.1, we can prove the following theorem.

Theorem 2.1. LetP be a weight constraint program andM a set of atoms.M is a stable model ofP iff
M is a model ofP and level mapping justified byP .

Proof:
(⇒) SinceM is a stable model ofP , by Proposition 2.1,M is the deductive closure ofPM . The
derivation of the least fixpoint of the operatorTPM can be used to assign levels to the atoms inM :
assign an atomb in M to k if b ∈ T k

PM (∅) andb 6∈ T k−1
PM (∅). It can be seen clearly that the resulting level

mapping justifiesM by P .
(⇐) SupposeM is a model ofP and level mapping justified byP . Let λ be a level mapping that

justifiesM by P . Then, for eachb ∈ M , there is a ruler in P , such thatb ∈ lit(hd(r)) and for each
W ∈ bd(r), M |= W andλ(b) > L(W,M). By the definition ofL(W,M), for eachW ∈ bd(r), there is
a subsetX ⊆M \ {b} such thatw(W,Xa) ≥ l+

∑
bi∈M\Xa

wbi . From this we getw(WM ,Xa) ≥ lM ,
by Lemma 2.1. Clearly, the level mappingλ enables the construction ofM as the least fixpoint of the
operatorTPM . By proposition 2.1,M is a stable model ofP . ⊓⊔
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Example 2.2. Let P1 be the program{a ← 1[a = 1, not a = 1, not b = 1]}. Let W = 1[a =
1, not a = 1, not b = 1], M = {a} andλ be a level mapping ofM . We haveL(W,M) = 0 (see
Example 2.1). Thereforeλ(a) > L(W,M) andM is level mapping justified byP1. M is a stable model
of P1.

2.3. Loop formulas for weight constraint programs

2.4. Completion

To characterize stable models by loop formulas, we need the concept ofcompletionof a program. The
models of the completion of a program are the supported models of the program. Following [18], the
completion of a weight constraint programP is defined as a set of formulas built from weight constraints
by means of Boolean connectives∧, ∨ and→.

Let S = {f1, ..., fn} be a set of weight constraints or formulas built from weight constraints. We
denote the conjunctionf1 ∧ ... ∧ fn by ∧S and the disjunctionf1 ∨ ... ∨ fn by ∨S.

Let P be a weight constraint program. The completion ofP , denotedComp(P ), consists of the
following formulas.

(1) ∧bd(r)→ hd(r), for every ruler ∈ P , and

(2) x→ ∨{∧bd(r) | r ∈ P, x ∈ lit(hd(r))}, for every atomx ∈ At(P ).

2.4.1. Loop formulas

The formulation of loop formulas consists of two steps: constructing a dependency graph and then
establishing a formula for each loop in the graph.

The dependency graph for a weight constraint program is defined as below.
Let P be a weight constraint program. Thedependency graphof P , denotedGP = (V,E), is a

directed graph, where

• V = At(P ), and

• (u, v) is a directed edge fromu to v in E, if there is a rule of the form (3) inP , such thatu ∈
lit(W0) andv ∈ lit(Wi), for somei (1 ≤ i ≤ n).

Let G = (V,E) be a directed graph. A setL ⊆ V is a loop in G if the subgraph ofG induced byL
is strongly connected.

For a loop in the dependency graph, the level mapping inducedloop formula is established to enforce
that the atoms in the loop must be justified by the atoms that are not in the loop and have a strictly lower
level. Considering the definition ofL(W,M) (see formula (8)), the condition requires that an atom in a
loop be derivable by a subsetX of M which contains no atoms in the loop and satisfies the inequality in
formula (8).

To enforce the above requirements, we define therestrictionof a weight constraint w.r.t. a loop.
LetW be a weight constraint andL be a set of atoms. Therestrictionof W w.r.t. L, denotedW|L, is

the conjunction of weight constraintsWl|L ∧Wu|L, where

• Wl|L is obtained by removing the upper bound, all positive literals that are inL and their weights
from W , and
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• Wu|L is obtained by removing the lower bound fromW .

Definition 2.4. Let P be a weight constraint program andL a loop inGP . The loop formulafor L,
denotedLF (P,L), is defined as2

LF (P,L) =
∨

L→
∨
{

∧

W∈bd(r)

W|L | r ∈ P and L ∩ lit(hd(r)) 6= ∅} (9)

Let P be a weight constraint program. Theloop completionof P is defined as

LComp(P ) = Comp(P ) ∪ {LF (P,L) | L is a loop in GP } (10)

With the definition of loop completion, we can prove

Theorem 2.2. LetP be a weight constraint program andM a set of atoms.M is a stable model ofP iff
M is a model ofLComp(P ).

Proof:
We consider rules of the formc ← W , wherec is an atom andW a weight constraint of the form (1).
The proof can be extended straightforwardly to rules of a conjunctive body and a weight constraint in the
head (by the reduct defined in equation (5), given a set of atomsM , the head weight constraint of a rule
is decomposed into rules each of which has a single atom in thehead).

(⇒) SinceM is a stable model ofP , by Theorem 2.1,M is a model ofP and level mapping justified
by P . Thus, there exists a level mappingλ from At(P ) to positive integers satisfying: for allb ∈ M ,
there is a ruleb←W such thatM |= W andλ(b) > L(W,M). By the definition of the level of a weight
constraint (cf. equation 8), there exists a setX ⊆M \ L such thatw(W,Xa) ≥ l +

∑
bi∈M\Xa

wbi .
We need to proveM |= LComp(P ). For this purpose, letL be a loop inGP andb ∈ L. Since a

stable model ofP is a model ofP , we only need to proveM |= Wl|L ∧Wu|L. SinceM |= W , by the
definition ofWu|L, thatM |= Wu|L is immediate. We showM |= Wl|L. By definition, we have

w(Wl|L,Xa) ≤
∑

ai∈M\L wai +
∑

bi 6∈Xa
wbi

w(Wl|L,M) =
∑

ai∈M\L wai +
∑

bi 6∈M
wbi

It can then be verified that

∑
bi 6∈Xa

wbi −
∑

bi 6∈M
wbi =

∑
bi∈M\Xa

wbi

Hence
w(Wl|L,M) ≥ w(Wl|L,Xa)−

∑
bi∈M\Xa

wbi

We note that, by definition, we havew(Wl|L,Xa) = w(W,Xa). Then, by substitution, we get

w(Wl|L,M) ≥ w(W,Xa)−
∑

bi∈M\Xa
wbi

2The same loop formula was also discovered by Yisong Wang independently and reported in [30]. The loop formula introduced
here is induced by a level mapping characterization, whereas the one in [30] is defined directly.
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Sincew(W,Xa) ≥ l +
∑

bi∈M\Xa
wbi , it follows w(Wl|L,M) ≥ l, i.e.,M |= Wl|L. By the definition

of loop formulas, we haveM |= LF (P,L). As M is a model ofP , M |= Comp(P ). Since this holds
for any loop, we concludeM |= LComp(P ).

(⇐) AssumeM |= LComp(P ) and we show thatM is a stable model ofP . As M is a model of
P , we only need to show that there is a level mapping that justifiesM byP . For this purpose, letL be a
loop inGP . From the assumption thatM |= LComp(P ), we haveM |= LF (P,L). Then,∀b ∈M ∩L,
there exists a ruleb ← W in P , such thatM |= Wl|L ∧Wu|L. We only need to show that there exists a
subsetX ⊆M such thatw(W,Xa) ≥ l +

∑
bi∈M\Xa

wbi . Below, we construct such anX.
LetX = Ma \La. Note thatw(Wl|L,M) =

∑
ai∈Xa

wai +
∑

bi 6∈M
wbi . SinceM |= Wl|L, we have

w(Wl|L,M) ≥ l. It follows that

∑
ai∈Xa

wai +
∑

bi 6∈M
wbi ≥ l

∑
ai∈Xa

wai ≥ l −
∑

bi 6∈M
wbi

Fromw(Wl|L,Xa) =
∑

ai∈Xa
wai +

∑
bi 6∈Xa

wbi , we get

w(Wl|L,Xa) ≥ l −
∑

bi 6∈M
wbi +

∑
bi 6∈Xa

wbi

w(Wl|L,Xa) ≥ l +
∑

M\Xa
wbi

Sincew(Wl|L,Xa) = w(W,Xa), we havew(W,Xa) ≥ l +
∑

bi∈M\Xa
wbi . Thus, by definition, there

is a level mappingλ whereλ(b) ≥ max({λ(ai) | ai ∈ X}) that justifiesM by P . SinceM is a model
of P and level mapping justified byP , it follows from Theorem 2.1 thatM is a stable model ofP . ⊓⊔

Example 2.3. Consider the programP1 in Example 2.2. There is a loop inL = {a} in GP1
. The loop

formula is
a→ 1[not a = 1, not b = 1] ∧ [a = 1, not a = 1, not b = 1]

As the second weight constraint has no bounds, it is satisfiedautomatically (we will follow this simplifi-
cation convention in later examples), the above formula simplifies to

a→ 1[not a = 1, not b = 1]

which is satisfied by the setM = {a}. So,M is a stable model ofP1.

3. Level mapping induced loop formulas for aggregate programs

3.1. Answer set semantics for aggregate programs

Following [28], we define the syntax and semantics of aggregate programs as follows.
An aggregate is a constraint on sets taking the form

aggr({X | p(X)}) op Result (11)

whereaggr is anaggregate function. The standard aggregate functions are those in{SUM, COUNT,
AVG, MAX, MIN }. The set{X | p(X)} is calledintentional set, wherep is a predicate, andX is a
variable, which takes value from a setD(X) = {a1, ..., an}, calledvariable domain. The relational
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operatorop is from {=, 6=, <,>,≤,≥} andResult is either a variable or a numeric constraint. The
domainof an aggregateA, denotedDom(A), is the set of atoms{p(a) | a ∈ D(X)}.

Let M be a set of atoms.M is amodelof an aggregateA, denotedM |= A, if aggr({a | p(a) ∈
M ∩ Dom(A)}) op Result holds, e.g.,{p(0), p(1)} is a model ofSUM({X|p(X)}) ≥ 1, where
D(X) = {−1, 0, 1}.

An aggregate program is a set of rules of the form

h← A1, ..., An (12)

whereh is an atom andA1, ..., An are aggregates3. For a ruler of the form (12),hd(r) andbd(r) denote
h and{A1, ..., An}, respectively. We useAt(P ) to denote the propositional atoms inP .

The definition ofanswer setfor aggregate programs is based on the notion ofconditional satisfaction.

Definition 3.1. Let A be an aggregate,R andS two sets of atoms.R conditionally satisfiesA, w.r.t. S,
denotedR |=S A, iff R |= A and for every setI such thatR ∩Dom(A) ⊆ I ⊆ S ∩Dom(A), I |= A.

Conditional satisfaction is naturally extended to conjunctions of aggregates.
Given two setsR andS, and an aggregate programP , the operatorKP (R,S) is defined as:

KP (R,S) = {hd(r) | r ∈ P and R |=S bd(r)}.

KP is monotone w.r.t. its first argument, given that the second argument is fixed.

Definition 3.2. ([28]) LetP be an aggregate program andM a set of atoms.M is ananswer setof P iff
M is the least fixpoint ofKP (∅,M), i.e.,M = K∞

P (∅,M), whereK0
P (∅,M) = ∅ andKi+1

P (∅,M) =
KP (K

i
P (∅,M),M), for all i ≥ 0.

It has been shown that most standard aggregates can be encoded by weight constraints [17]4. Espe-
cially, the aggregateSUM can be encoded by a weight constraint as follows.

Let A = SUM({X|p(X)}) ≤ k be an aggregate, whereD(X) = {a1, ...am, b1, ..., bn}, anda′is
andb′is are positive and negative numbers, respectively.A is equivalent to the following weight constraint

W = [p(a1) = a1, ..., p(am) = am, p(b1) = b1, ..., p(bn) = bn]k (13)

in the sense that for any set of atomsM , M |= A iff M |= W . Using the transformation in Section 2.1,
W can be translated to

W (A) = [p(a1) = a1, ..., p(am) = am, not p(b1) = b1, ..., not p(bn) = bn]k
′ (14)

wherek′ = k +
∑n

i=1 |bi|. So, for any set of atomsM , M |= A iff M |= W (A). We callW (A) the
weight constraint encodingof A.

AggregateSUM with other operators (except “6=”) can be encoded similarly, e.g., for the operator
“≥”, k′ becomes the lower bound ofW (A).

3In general,Ai’s can also be atoms or negative atoms, as the latter are special cases of aggregates.
4The only exception is aggregates of the formSUM(.) 6= k. For programs withSUM(.) 6= k, the complexity of theanswer
set existence problemis at the second level of the polynomial hierarchy, according to Son and Pontelli [28].
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A nice property of aggregates is that its weight constraint encoding contains no dual atoms. This
property plays an important role in the proof of the lemmas given later in this section.

In this section, we focus on programs with aggregateSUM only, because: (1) It is a representative
aggregate in that the aggregatesCOUNT andAV G are special cases ofSUM [17]; (2) It is the most
commonly used aggregate in current practice of answer set programming e.g., this is the case for the
benchmarks in the answer set programming system competition [9]; and (3) There are no technical
difficulties in extending the results to aggregate programswith aggregatesMAX andMIN , since they
can be encoded by the aggregateSUM .

In the rest of this section, by aggregates we mean standard aggregates without involving the6= oper-
ator in theSUM aggregate function.

Summarizing the above exploration, we state

Proposition 3.1. Let A be an aggregate andW (A) be its weight constraint encoding. Then, for any set
of atomsI, I |= A iff I |= W (A).

3.2. Level mapping characterization of answer sets

Definition 3.3. Let A be an aggregate,M a set of atoms andλ a level mapping ofM . Theanswer set
levelof A w.r.t. M , denotedL∗(A,M), is defined as:

L∗(A,M) = min({H(X) | X ⊆M,w(W (A),Xa) ≥ l +
∑

bi∈M

wbi , and (15)

w(W (A),Xb) ≤ u−
∑

ai∈M

wai}).

Example 3.1. Let A = SUM({X | p(X)}) ≤ 0 be an aggregate, whereD(X) = {−1, 1}. Then
W (A) = [p(1) = 1, not p(−1) = 1]1. LetM = {p(−1), p(1)} andλ be a level mapping ofM , where
λ(p(−1)) = 1 andλ(p(1)) = 2. It can be seen that the subsets ofM that satisfy the inequalities in
formula (15) areX1 = {p(−1)} andX2 = M . So,L∗(A,M) = min({H({p(−1)}),H({p(−1),
p(1)})}) = λ(p(−1)) = 1.

Definition 3.4. Let P be an aggregate program andM a set of atoms.M is said to bestrongly level
mapping justifiedby P if there is a level mappingλ of M satisfying that for eachb ∈ M , there is a rule
r ∈ P , such thatb = hd(r), M |= bd(r), and for eachA ∈ bd(r), λ(b) > L∗(A,M).

In this case, we say that the level mappingλ strongly justifiesM by P .

The main result of this section follows from the following lemma, by which the conditional satisfac-
tion of an aggregate is reduced to the standard satisfactionof its weight constraint encoding.

Lemma 3.1. Let A be an aggregate, andX andM be two sets of atoms such thatX ⊆ M . X |=M A

iff

• w(W (A),Xa) ≥ l +
∑

bi∈M
wbi , and

• w(W (A),Xb) ≤ u−
∑

ai∈M
wai

wherel andu are the lower and upper bounds ofW (A), respectively.
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Proof:
(⇒) AssumeX |=M A, and we show that the two inequalities above hold. LetS = Mb ∪ Xa.
ThenX ⊆ S ⊆ M andS |= W (A). It follows thatw(W (A), S) = w(W (A),Xa) −

∑
bi∈M

wbi

andw(W (A), S) ≥ l. Then we havew(W (A),Xa) ≥ l +
∑

bi∈M
wbi . This is the first inequality.

Let S′ = Ma ∪ Xb. We then haveX ⊆ S′ ⊆ M andS′ |= W (A). Then clearlyw(W (A), S′) =∑
ai∈M

wai +
∑

bi 6∈Xb
wbi . Note that

∑
bi 6∈Xb

wbi = w(W (A),Xb), from which we derivew(W (A),
S′) =

∑
ai∈M

wai + w(W (A),Xb). According to the choice ofS′, we havew(W (A), S′) ≤ u, and so
w(W (A),Xb) ≤ u−

∑
ai∈M

wai . This is the second inequality.
(⇐) Assuming that the two inequalities in the lemma hold, we show X |=M A, i.e., we need to prove

that for anyS such thatX ⊆ S ⊆ M , S |= A. Let S be any set withX ⊆ S ⊆ M . Clearly,Xa ⊆ Sa

andSb ⊆ Mb. Thusw(W (A), S) ≥ w(W (A),Xa) −
∑

bi∈M
wbi . It follows w(W (A), S) ≥ l.

SinceX ⊆ S ⊆ M , we also haveSa ⊆ Ma andXb ⊆ Sb, and it follows thatw(W (A), S) ≤
w(W (A),Xb) +

∑
ai∈M

wai . Thusw(W (A), S) ≤ u. As both lower and upper bounds are satisfied by
S, we haveS |= W (A), and by Proposition 3.1 we getS |= A. We are done. ⊓⊔

Now we are ready to give the main theorem of this section.

Theorem 3.1. Let P be an aggregate program andM a set of atoms.M is an answer set ofP iff M is
a model ofP and strongly level mapping justified byP .

Proof:
(⇒) SinceM is an answer set ofP , thenM is a model ofP andM = K∞

P (∅,M). The derivation of the
least fixpoint of the operatorKP can be used to assign levels to the atoms inM : assign an atomb in M

to k if b ∈ Kk
P (∅,M) andb 6∈ Kk−1

P (∅,M). It can be verified that the resulting level mapping strongly
justifiesM by P .

(⇐) By the definition of the answer set level of an aggregate (Definition 15) and Lemma 3.1, we
have∀b ∈ M , there is a ruler ∈ P and a setR ⊆ M \ {b} such thatb = hd(r) andR |=M bd(r). So,
b ∈ K∞

P (∅,M). ThusM ⊆ K∞
P (∅,M). Note thatK∞

P (∅,M) ⊆ M , due to the monotonicity ofKP .
Thus we haveM = K∞

P (∅,M), that is,M is an answer set ofP . ⊓⊔

Example 3.2. Let P2 be the program

p(−1)← p(1)← SUM({X | p(X)}) ≤ 0.

Let M = {p(−1), p(1)} andλ be a level mapping ofM , whereλ(p(−1)) = 1 andλ(p(1)) = 2.
We haveL∗(A,M) = 1 (cf. Example 3.1). Therefore,λ(p(1)) > L∗(A,M) andM is strongly level
mapping justified byP2. Hence,M is an answer set ofP2.

3.3. Loop formulas for aggregate programs

3.3.1. Completion

The completion of an aggregate program consists of the same set of formulas as that of weight con-
straint programs, except that the weight constraints in theformulas are the weight constraint encoding of
aggregates.
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3.3.2. Loop formulas

LetP be an aggregate program. Thedependency graphof P , denotedG∗
P = (V,E), is a directed graph,

where

• V = At(P ),

• (u, v) is a directed edge fromu to v in E, if there is a rule of the form (12) inP , such that
u = hd(r), and eitherv or not v ∈ lit(W (Ai)), for somei (1 ≤ i ≤ n).

Now we give thestrong restrictionof an aggregate w.r.t. a loop by defining the strong restriction of a
weight constraint. LetW be a weight constraint andL a set of atoms. The strong restriction ofW , w.r.t.
L, denotedW ∗

|L, is a conjunction of weight constraintsW ∗
l|L ∧W ∗

u|L, where

• W ∗
l|L is obtained by removing fromW the upper bound, all positive literals that are inL and their

weights;

• W ∗
u|L is obtained by removing fromW the lower bound,not bi = wbi for eachbi ∈ L, and

changing the upper bound to beu−
∑

bi∈L
wbi .

The strong restriction of an aggregateA w.r.t. a loopL is defined as the strong restriction of its weight
constraint encoding w.r.t. the loopW ∗

|L(A).

Definition 3.5. Let P be an aggregate program andL a loop inG∗
P . The loop formula forL, denoted

LF ∗(P,L), is defined as

LF ∗(P,L) =
∨

L→
∨
{

∧

A∈bd(r)

W ∗
|L(A) | r ∈ P and hd(r) ∈ L} (16)

Let P be an aggregate program. The loop completion ofP , denotedLComp∗(P ), is defined as

LComp∗(P ) = Comp(P ) ∪ {LF ∗(P,L) | L is a loop in G∗
P } (17)

We prove the following theorem.

Theorem 3.2. Let P be an aggregate program andM a set of atoms.M is an answer set ofP iff it is a
model ofLComp∗(P ).

Proof:
Below, since the aggregateA in consideration is always clear by context, for notationalconvenience, we
will use respectivelyW , W ∗

l|L, andW ∗
u|L to representW (A), W ∗

l|L(A), andW ∗
u|L(A). We consider the

rule of the formh← A. The proof can be generalized easily to arbitrary rules.
(⇒) SinceM is an answer set ofP , by Theorem 3.1,M is a model ofP and strongly level mapping

justified byP . Thus, there exists a level mappingλ fromAt(P ) to positive integers satisfying:∀b ∈M,∃
a ruleb ← W in P , such thatM |= W andλ(b) > L∗(A,M). By definition, the latter means there
exists a subsetX ⊆M , such thatw(W,Xa) ≥ l +

∑
bi∈M

wbi andw(W,Xb) ≤ u−
∑

ai∈M
wai .

We need to show thatM |= LComp(P ). For this purpose, letL be a loop inG∗
P andb ∈ L. Since

an answer set ofP is a model ofP , we only need to show the satisfaction of bounds defined inW ∗
|L, i.e.,
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M |= W ∗
l|L ∧W ∗

u|L. The proof ofM |= W ∗
l|L is similar to that of Theorem 2.2. We proveM |= W ∗

u|L.
First, by definition, we have

w(W,Mb \ Lb) ≤ w(W,Xb)

w(W,Mb \ Lb) = w(W,M) −
∑

ai∈M
wai +

∑
bi∈Lb∩Mb

wbi

Sincew(W,Xb) ≤ u −
∑

ai∈M
wai , it follows w(W,M) +

∑
bi∈Lb∩Mb

wbi ≤ u. Note that, by def-
inition, w(W ∗

u|L,M) = w(W,M) −
∑

bi∈L
wbi +

∑
bi∈Lb∩Mb

wbi . Then, we havew(W ∗
u|L,M) ≤

u−
∑

bi∈L
wbi , that isM |= W ∗

u|L. We are done.
(⇐) AssumeM |= LComp(P ), and we show thatM is an answer set. LetL be a loop inG∗

P , hence
M |= LF ∗(P,L). Then,∀b ∈M ∩ L, there exists a ruleb←W in P , such thatM |= W ∗

l|L ∧W ∗
u|L.

We need to show that there exists a setX ⊆ M such thatw(W,Xa) ≥ l +
∑

bi∈M
wbi and

w(W,Xb) ≤ u −
∑

ai∈M
wai . Let X = Xa ∪ Xb, whereXa = Ma \ La andXb = Mb \ Lb.

The proof of the first inequality is similar to the proof of Theorem 2.2. We show the second inequality.
SinceM |= W ∗

u|L, we havew(W ∗
u|L,M) ≤ u −

∑
bi∈L

wbi . By definition, w(W ∗
u|L,M) =

w(W,M) −
∑

bi∈L
wbi +

∑
bi∈L∩M

wbi . It follows w(W,M) ≤ u −
∑

bi∈L∩M
wbi . By definition,

w(W,Xb) = w(W,M) −
∑

ai∈M
wai +

∑
bi∈L∩M

wbi . Sincew(W,M) ≤ u −
∑

bi∈L∩M
wbi , we

havew(W,Xb) ≤ u −
∑

ai∈M
wai . Thus, by definition, there is a level mapping whereλ(b) ≥

max({λ(bi) | bi ∈ Xb}) that strongly justifiesM by P . As M is a model ofP , by Theorem 3.1,
we conclude thatM is an answer set ofP . ⊓⊔

Example 3.3. Consider the programP2 in Example 3.2. There is a loop{p(1)} in G∗
P2

. The loop
formula isp(1) → [p(1) = 1, not p(−1) = 1]1, which is satisfied by the setM = {p(−1), p(1)}. So,
M is an answer set ofP2.

Remark
In the approach presented in this section, given a programP , the dependency graphG∗

P can be
constructed by going through each rule, where an edge is built in G∗

P from the head of the rule to each
literal in the domain of aggregates in the body of the rule. The process takes time linear in the size ofP

(number of rules plus the number of atoms inP ). The exponential time process required in the approach
[31] is therefore avoided. The establishment of the formulafor a loop is also linear in the size ofP , since
the restriction of an aggregate can be obtained in linear time according to the definition.

It can be shown that any loop defined in [31] is a loop defined here, but the reverse does not hold.
This is because we count negative dependencies as edges. As aresult, there are more loops under this
definition. However, for many of these loops, their loop formulas can be satisfied by any supported
model (need not to be constructed in practice). For example,given the following program:

a← 1[not b = 1] b← 1[not a = 1]

L = {a, b} is a loop by our definition. The loop formula ofL is satisfied by any supported model of the
program.

4. A comparison

Weight constraint programs and aggregate programs are bothlogic programs with constraints, but they
have different semantics. Our level mapping characterizations and loop formulas reveal the difference
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between the semantics. Comparing the definition of the levelof weight constraints in formula (8) to the
answer set level of aggregates in formula (15), one can see that the atoms inXb that are negative inW
and the upper bound ofW are not considered in formula (8), while they are constrained by the second
inequality in formula (15).

Naturally, the difference is also manifested by the loop formulas for weight constraint and aggre-
gate programs, respectively. For the stable model semantics, negative dependencies between atoms do
not contribute to loop formulas, while they do for the answerset semantics. The following example
demonstrates how level mapping and loop formulas capture this difference.

Example 4.1. Let P3 be the aggregate program{p(−1)← SUM({X|p(X)}) ≤ −1}, whereD(X) =
{−1}. We denote the aggregate inP3 byA. We haveW (A) = [not p(−1) = 1]0. The weight constraint
program counterpart ofP3 is P ′

3 = {p(−1)← [not p(−1) = 1]0}.
Consider the setM = {p(−1)}. For programP3 and any level mappingλ, we haveL∗(A,M) =

λ(p(−1)), since the only subset ofM that satisfies the inequalities in formula (15) isM itself. Namely,
p(−1) depends on itself, even though it appears negatively in the body of the rule. There is a loop
{p(−1)} in G∗

P3
. The loop formula is:p(−1)→ [ ]− 1, which is not satisfied byM . ThusM is not an

answer set ofP3.
For programP ′

3 and any level mappingα, we haveL(W (A),M) = 0, since∅ satisfies the inequality
in formula (8). There is no loop inGP ′

3
. It can be verified thatM is a stable model ofP ′

3.

5. Relation to level ranking characterization

Recently in [22], stable models of normal logic programs arecharacterized using a notion calledlevel
ranking. This characterization enables an alternative mechanism for stable model computation for normal
logic programs usingdifference logic[13]. Our interest in this section is to relate our work with this new
development. The main observations are

• For normal logic programs, level mapping and level ranking coincide. As a result, our work on
level mapping can be viewed as an extension of level ranking to weight constraint programs.

• For normal logic programs, loop formulas correspond toranking constraintsin difference logic
encoding [13, 22]. We show a concrete establishment betweenthe two.

Recall that a normal logic programP is a set of rules of the form

a← b1, ..., bm, not c1, ..., not cn. (18)

wherea, bi andcj are atoms. Given a programP and a set of atomsM , a level rankinglr of M for P is
a mapping fromM to natural numbers, such that for each atoma ∈ M , there is a ruler in the program
reductPM wherehd(r) = a and lr(a) > lr(b) for eachb ∈ bd(r). A modelM of a programP is a
stable model ofP if and only if there is a level ranking ofM for P .

For normal logic programs, the level mapping characterization coincides with the level ranking char-
acterization, which can be stated as: A modelM of a programP is level mapping justified byP iff there
is a level ranking ofM for P . This can be easily seen as follows. Given an atoma and a set of atomsM ,
by the definition ofL(W,M), we haveL(a,M) = λ(a), if a ∈M ; L(a,M) =∞, otherwise. Thus, for
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normal logic programs the definition of level ranking is the same as that of level mapping justification
(Definition 2.3). Therefore, the existence of a level ranking for M corresponds to the statement thatM

is level mapping justified.
The concept of level ranking can be extended to weight constraint programs, using the notion of the

levels of weight constraints.

Definition 5.1. Let M be a set of atoms andP be a weight constraint program. A functionλ: M → N

is a level ranking ofM for P iff for eacha ∈ M , there is a ruler ∈ PM such thata ∈ lit(hd(r)) and
for everyW in bd(r), λ(a) > L(W,M).

The level ranking characterization of stable models for weight constraint programs can be stated as
follows.

Proposition 5.1. Let M be a model of weight constraint programP . M is a stable model ofP iff there
is a level ranking ofM for P .

Proposition 5.1 follows from Theorem 2.1.
Based on the level ranking characterization, a translationis proposed in [13, 22], which maps a

normal logic programP to a set ofdifference logicformulasTdiff(P ). Tdiff(P ) consists of two parts:
the standard Clark’s completionCC(P ) and ranking constraintsR(P ). It turns out that each satisfying
valuation ofTdiff(P ) corresponds to a stable model ofP . Below, we show that ranking constraints of a
program play the same role as our loop formulas.

Difference logic is an extension of propositional logic by allowing simple linear constraints of the
form xi + k ≥ xj wherexi, xj are integer variables andk is an integer constant.

A valuationτ consists of a pair of functionsτP : P → {⊤,⊥} andτX : X → Z, whereP is a set
of propositional atoms,⊤ valuetrue, ⊥ valuefalse, andX a set of integer variables. A valuation is
extended to formulas by definingτ(xi + k ≥ xj) = ⊤ iff τX (xi) + k ≥ τX (xj) and applying the usual
rule for the Boolean connectives. A formulaf is satisfied by a valuationτ iff τ(f) = ⊤.

The completionCC(P ) consists of the set of following formulas for each atoma ∈ At(P ): if a

does not appear as a head of any rule inP , the formula¬a is included. Otherwise the formulaa ↔
bd1a ∨ · · · ∨ bdka is included for each rule of the form (18) and, furthermore, for each such rule a formula
bd1a ↔ b1 ∧ · · · bm ∧ ¬c1 · · · ¬cn is added, wherebdia is a new atom associated to the rule.

The ranking constraintsR(P ) consists of a set of formulas

a→ ∨ki=1(bd
i
a ∧ (xa − 1 ≥ xb1) ∧ · · · ∧ (xa − 1 ≥ xbm)) (19)

for each atoma which hask ≥ 1 rules of the form (18) inP wherexbi ’s are integer variables associated
to the atomsbi’s in the bodies of the rules.

It is easy to prove that a set of atoms is a supported model ofP if and only if there is a satisfying
valuationτ of CC(P ), such thatM = {a | a ∈ At(P ) and τP(a) = ⊤}. Below, we show that, for
normal logic programs, ranking constraints play the same role as that of loop formulas.

Theorem 5.1. Let P be a normal logic program andM a supported model ofP . M |= LF (P,L) for
each loopL in Gp iff there is a satisfying valuationτ of R(P ) such thatM = {a | τP(a) = ⊤}.
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The statement follows from the fact that the notion of level ranking coincides with that of level
mapping, and the notion of level mapping justification corresponds to models of completion plus loop
formulas, for weight constraint programs (cf. Theorem 2.1), of which normal logic programs are a special
case. However, for normal logic programs, a direct proof is more desirable, since it explicitly shows that
loop formulas play the same role as that of ranking constraints in the characterization of stable models.
We give such a proof below.

Proof:
(⇒) Let f be a formula of the form (19) inR(P ). If a is not on any loop, the proof is trivial. LetL be a
loop anda ∈ L. SinceM |= LF (P,L), there is a ruler in P , such thathd(r) = a andM |= ∧b∈bd(r)b|L,
whereb|L is the restriction ofb w.r.tL. By the definition of restriction, we haveb|L = 1[ ], if b ∈ L and
b|L = b, if b 6∈ L. SinceM |= ∧b∈bd(r)b|L, b 6∈ L for eachb ∈ bd(r). Supposer is associated tobdka in
R(P ). Then a valuationτ can be constructed such thatτP(a) = ⊤, τP(bdka) = ⊤, τP(bi) = ⊤ for all
bi ∈ bd(r), τP(ci) = ⊥ for all not ci ∈ bd(r), andτX (xa) > τX (xb1), · · · , τX (xa) > τX (xbm).

(⇐) Let L be a loop.LF (P,L) = ∨L → ∨{∧b∈bd(r)b|L | r ∈ P, a = hd(r), and a ∈ L}. Let
a ∈ L ∩M . There is a formula inR(P ) of the form (19). Supposebdia in the formula is associated to
the ruler. Then there is a satisfying valuationτ of R(P ), such thatM = {a | τP(a) = ⊤}. We have
τP(a) = ⊤, τP(bdia) = ⊤. SinceM is a supported model,τP(bi) = ⊤ for eachbi ∈ bd(r), τP(ci) = ⊥
for eachnot ci ∈ bd(r). Thusbi ∈ M for each1 ≤ i ≤ m. SinceτX (xa) > τX (xb1), · · · , τX (xa) >
τX (xbm), we have, for1 ≤ i ≤ m, bi 6∈ L. Therefore,M |= LF (P,L). ⊓⊔

From the computational point of view, loop formulas and ranking constraints have their own strengths
and weaknesses, which can be summarized as follows.

• Loop formulas are constructed on the fly. Only when a model of completion is generated which
fails to be a stable model, the loop formula for a loop that caused the failure is constructed. In
many cases, loop formulas need not be constructed at all [12]. In contrast, ranking constraints are
introduced for rules in a given program, no matter whether there actually exist loops or not, or
whether a loop contributes to the generation of a model of completion which is not a stable model.

• The number of loops could be exponential in the size of a program in the worst case, but the size
of ranking constraints is linear in the size of a program.

6. Conclusion and future work

We have presented level mapping characterizations of semantics for weight constraint programs and
aggregate programs, respectively, based on which we have improved the formulation of loop formulas
for these programs. For arbitrary weight constraint programs, we have proposed a formulation of loop
formulas that does not require introducing any new atoms; For an aggregate program, we have shown
that the dependency graph can be constructed in time polynomial in the size of the program.

A number of issues require further investigation. First, the level mapping and loop formulas are
defined on aggregateSUM . For the aggregatesMAX andMIN , an encoding of these aggregates in
terms of theSUM aggregate is nontrivial [17], and direct definitions may be desired for intuitiveness.
Secondly, as we have mentioned, there may be many redundant loops. Thus, our result may be more ap-
propriately regarded as evidence of the existence of a polynomial time construction of dependency graph
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in order to formulate loop formulas, rather than a practicalproposal which is ready for implementation.
The impact of the redundant loops on efficiency and the possible methods to remove them are worth
further study.

Finally, though we are able to relate level mapping with level ranking and extend the latter definition
to weight constraint programs, it remains open as whether there exists a polynomial encoding of level
ranking in difference logic, for weight constraint programs. Essentially, the question is whether the
approach of answer set computation by difference logic encoding and solvers can be suitably extended
from normal logic programs to weight constraint programs.
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[13] Janhunen, T., Niemelä, I., Sevalnev, M.: Computing stable models via reductions to difference logic,Proc.
LPNMR’09, 2009.

[14] Leone, N., Pfeifer, G., Faber, W., Eiter, T., Gottlob, G., Perri, S., Scarcello, F.: The DLV system for knowl-
edge representation and reasoning,ACM Transactions on Computational Logic, 7(3), 2006, 1–57.



G. Liu and J. You / Level Mapping Induced Loop Formulas for Weight Constraint and Aggregate Programs 43

[15] Lin, F., Zhao, Y.: ASSAT: Computing answer sets of a logic program by SAT solvers,Artificial Intelligence,
157(1-2), 2004, 115–137.

[16] Liu, G.: Level mapping induced loop formulas for weightconstraint and aggregate programs,Proc. LP-
NMR’09, 2009.

[17] Liu, G., You, J.: Lparse programs revisited: semanticsand representation of aggregates,Proc. ICLP’08,
2008.
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