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Bayesian Supervised Dimensionality Reduction
Mehmet Gönen

Abstract—Dimensionality reduction is commonly used as a pre-
processing step before training a supervised learner. However,
coupled training of dimensionality reduction and supervised
learning steps may improve the prediction performance. In this
paper, we introduce a simple and novel Bayesian supervised di-
mensionality reduction method that combines linear dimensional-
ity reduction and linear supervised learning in a principled way.
We present both Gibbs sampling and variational approximation
approaches to learn the proposed probabilistic model for multi-
class classification. We also extend our formulation toward model
selection using automatic relevance determination in order to find
the intrinsic dimensionality. Classification experiments on three
benchmark data sets show that the new model significantly outper-
forms seven baseline linear dimensionality reduction algorithms
on very low dimensions in terms of generalization performance
on test data. The proposed model also obtains the best results on
an image recognition task in terms of classification and retrieval
performances.

Index Terms—Dimensionality reduction, Gibbs sampling,
handwritten digit recognition, image recognition, image re-
trieval, multiclass classification, subspace learning, variational
approximation.

I. INTRODUCTION

D IMENSIONALITY reduction algorithms have three main
goals: 1) removing the inherent noise to improve predic-

tion performance; 2) obtaining low-dimensional visualizations
for exploratory data analysis; and 3) reducing space and time
complexities for testing. In this paper, we consider only linear
dimensionality reduction algorithms, which basically project
the data points to a low-dimensional subspace using a projec-
tion matrix. Principal component analysis (PCA) [1] and Fisher
discriminant analysis (FDA) [2] are two well-known algorithms
for unsupervised and supervised dimensionality reduction,
respectively.

PCA seeks to maximize the explained variance of the data in
the projected feature space and performs a linear unsupervised
dimensionality reduction by calculating a projection matrix
from the eigenvectors of the covariance matrix. There are also
other unsupervised algorithms that try to preserve the neigh-
borhood structure in the original space instead of maximizing
the explained variance [3], [4]. However, these unsupervised
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algorithms generally perform badly for classification problems
due to their unsupervised nature.

FDA is a linear supervised dimensionality reduction method
that jointly minimizes the within-class variance and maximizes
the between-class variance. FDA has two main limitations:
1) The dimensionality of the projected subspace can be at most
K − 1, where K is the number of classes, and 2) it assumes
that each class follows a unimodal distribution, which may not
always hold. Sugiyama [5] proposes a local FDA algorithm to
preserve the local neighborhood structure in the data again by
solving a generalized eigenvalue problem using the between-
class scatter and within-class scatter matrices, which are cal-
culated locally with the help of an affinity matrix. Similarly,
Zhang et al. [6] construct local neighborhood patches to better
impose discriminative information while learning the projec-
tion matrix. Zhang and Yeung [7] also modify the original FDA
algorithm by replacing the between-class scatter and within-
class scatter matrices with more suitable ones for classification
tasks. Tao et al. [8] extend FDA by maximizing the geometric
mean of the divergences between different pairs of classes
and obtain better projections in terms of class separation for
multiclass problems. Bian and Tao [9] propose to maximize the
minimum separation between classes in the low-dimensional
subspace, leading to better performance in classification tasks.
Instead of considering the separations between classes, Parrish
and Gupta [10] follow a different approach by minimizing an
approximation to the leave-one-out training error of a local
quadratic discriminant analysis classifier.

Sufficient dimension reduction (SDR) methods aim to find a
subspace such that the original data points and the target outputs
become conditionally independent given the low-dimensional
representations [11], [12]. SDR methods differ in the way that
they model the dependence between variables. The depen-
dence measure can be, for example, mutual information [13],
a squared-loss variant of mutual information [14], or a smooth
estimator for mutual information [15].

For supervised learning tasks, dimensionality reduction and
prediction steps are generally performed separately in a serial
manner. Supervised dimensionality reduction algorithms use
class labels to find a better subspace for the prediction step, but
they generally have their own target functions different from the
one that the learner in the projected subspace uses, leading to
low prediction performance. Hence, coupled training of these
two steps may improve the overall system performance.

Following this idea, Biem et al. [16] propose a multilayer
perceptron variant that performs coupled feature extraction
and classification. Coupled training of the projection matrix
and the classifier is also studied in the framework of support
vector machines by introducing the projection matrix into the
optimization problem solved [17]–[19]. There are also metric

2168-2267 © 2013 IEEE



2180 IEEE TRANSACTIONS ON CYBERNETICS, VOL. 43, NO. 6, DECEMBER 2013

learning methods that try to transfer the neighborhood in the in-
put space to the projected subspace in nearest neighbor settings
[20]–[23] or to minimize the empirical risk [24].

Yu et al. [25] propose a supervised probabilistic PCA and an
efficient solution method, but the algorithm is developed only
for real outputs. Rish et al. [26] formulate a supervised dimen-
sionality reduction algorithm coupled with generalized linear
models for binary classification and regression and maximize a
target function composed of input and output likelihood terms
using an iterative algorithm.

Our main motivation for this work is to formulate a joint
probabilistic model of dimensionality reduction and supervised
learning with a fully Bayesian treatment. We have two main
goals: 1) improving prediction performance due to coupled
learning of the model parameters and 2) benefiting from the
advantages of a fully Bayesian formulation, namely, allowing
us to integrate prior knowledge in the form of prior distributions
and to do model selection.

In this paper, we propose a simple and novel Bayesian
supervised dimensionality reduction (BSDR) method where the
linear projection matrix and the supervised learning parameters
of a linear model are learned together to improve prediction
performance in the projected subspace. We make the following
contributions. In Section II, we give the probabilistic model
of our approach for multiclass classification. We then outline
the Gibbs sampling approach for inference on this model.
In order to reduce the computational complexity of inference
and prediction steps, we introduce a deterministic variational
approximation. We also extend our formulation to find the in-
trinsic dimensionality using automatic relevance determination
(ARD) and discuss the key properties of our algorithm. We
compare our algorithm with seven baseline linear dimensional-
ity reduction algorithms on three benchmark data sets and one
image recognition data set in Section III.

II. BAYESIAN SUPERVISED DIMENSIONALITY REDUCTION

Performing dimensionality reduction and supervised learn-
ing separately (generally with two different objective functions)
may not result in a predictive subspace and may have low
generalization performance. We propose to combine linear
dimensionality reduction and linear supervised learning in a
joint probabilistic model in order to obtain a more predictive
subspace. The main idea is to map the training instances to a
subspace using a linear projection matrix and to estimate the
target outputs in this projected subspace. In such a case, we
should consider the predictive performance of the projected
subspace while learning the projection matrix. We give detailed
derivations for multiclass classification, but our derivations
can be easily extended to binary classification and regression
estimation tasks.

Fig. 1 illustrates the proposed probabilistic model for multi-
class classification with a graphical model and its distributional
assumptions. The reason for choosing these specific distribu-
tions in our probabilistic model becomes clear when we explain
our inference procedures. The basic steps of our algorithm
can be summarized as follows: 1) The data matrix X is used
to project data points into a low-dimensional space using the

Fig. 1. BSDR for multiclass classification.

TABLE I
LIST OF NOTATION

projection matrix Q; 2) the low-dimensional representations
of data points Z and the classification parameters {b,W} are
used to calculate the classification scores; and 3) finally, the
given class label vector y is generated from the score matrix T.
Different from conventional generative methods, we follow
a discriminative approach in our formulation. The input data
points from the original feature space are used to generate the
low-dimensional representations, which are fed into a proba-
bilistic linear classifier as input data. We basically combine
the advantages of probabilistic and discriminative formulations
with a fully Bayesian treatment.

The notation that we use throughout this paper is given in
Table I. The superscripts index the rows of matrices, whereas
the subscripts index the columns of matrices and the entries
of vectors. As shorthand notations, all prior variables in the
model are denoted by Ξ = {λ,Φ,Ψ}, where the remaining
variables are denoted by Θ = {b,Q,T,W,Z} and the hy-
perparameters are denoted by ζ = {αλ, βλ, αφ, βφ, αψ, βψ}.
Dependence on ζ is omitted for clarity throughout this paper.
N (·;μ,Σ) denotes the normal distribution with the mean
vector μ and the covariance matrix Σ. G(·;α, β) denotes the
gamma distribution with the shape parameter α and the scale
parameter β. δ(·) denotes the Kronecker delta function that
returns 1 if its argument is true and 0 if otherwise.

We use a standard projection operation to map the data points
into a low-dimensional subspace and a standard linear classifi-
cation model when calculating the score variables. These score
variables between the class labels and the projected instances
are introduced to make the inference procedures more efficient
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[27]. This extra set of variables allows us to calculate full con-
ditional distributions easily because they break the dependence
between the label vector and other random variables in our
graphical model. Exact inference for our probabilistic model is
intractable, and we formulate two different inference strategies:
Gibbs sampling and variational approximation.

A. Inference Using Gibbs Sampling

We first present our Gibbs sampling solution for inference.
The basic idea behind the Gibbs sampling is to learn the
posterior distributions using the full conditional distributions
[28]. The joint likelihood of the graphical model in Fig. 1 can
be written as

p(y,Θ,Ξ|X) = p(Φ)p(Q|Φ)p(Z|Q,X)p(λ)p(b|λ)
×p(Ψ)p(W|Ψ)p(T|b,W,Z)p(y|T).

We can easily find the full conditionals of the model parameters
and the latent variables. The full conditional distributions are
found to be from standard distributions due to the full conjugacy
of our graphical model. The details of our Gibbs sampling
strategy are given in Appendix A.

B. Inference Using Variational Approximation

Inference using a Gibbs sampling approach is computation-
ally expensive. We instead formulate a deterministic variational
approximation, which is comparable to Gibbs sampling in
terms of generalization performance as we demonstrate with
experimental results and more efficient in terms of computa-
tion time. The variational methods use a lower bound on the
marginal likelihood using an ensemble of factored posteriors
to find the joint parameter distribution [29]. Although the fac-
torable ensemble implies the independence of the approximate
posteriors, there is not a strong coupling between the parame-
ters of our model. The factorable ensemble approximation of
the required posterior for our model can be written as

p(Θ,Ξ|X,y) ≈ q(Θ,Ξ)

= q(Φ)q(Q)q(Z)q(λ)q(Ψ)q(b,W)q(T)

and each factor in the ensemble is defined just like its full
conditional distribution

q(Φ) =
D∏

f=1

R∏
s=1

G
(
φf
s ;α

(
φf
s

)
, β

(
φf
s

))

q(Q) =

R∏
s=1

N (qs;μ(qs),Σ(qs))

q(Z) =

N∏
i=1

N (zi;μ(zi),Σ(zi))

q(λ) =

K∏
c=1

G (λc;α(λc), β(λc))

q(Ψ) =

R∏
s=1

K∏
c=1

G (ψs
c ;α (ψs

c) , β (ψs
c))

q(b,W) =
K∏
c=1

N
([

bc
wc

]
;μ(bc,wc),Σ(bc,wc)

)

q(T) =

N∏
i=1

T N (ti;μ(ti),Σ(ti), ρ(ti))

where α(·), β(·), μ(·), and Σ(·) denote the shape parame-
ter, the scale parameter, the mean vector, and the covariance
matrix for their arguments, respectively. T N (·;μ,Σ, ρ(·))
denotes the truncated normal distribution with the mean vec-
tor μ, the covariance matrix Σ, and the truncation rule ρ(·)
such that T N (·;μ,Σ, ρ(·)) ∝ N (·;μ,Σ) if ρ(·) is true and
T N (·;μ,Σ, ρ(·)) = 0 if otherwise.

We can bound the marginal likelihood using Jensen’s
inequality

log p(y|X) ≥ Eq(Θ,Ξ) [log p(y,Θ,Ξ|X)]

−Eq(Θ,Ξ) [log q(Θ,Ξ)] (3)

and optimize this bound by maximizing with respect to each
factor separately until convergence. The approximate posterior
distribution of a specific factor τ can be found as

q(τ ) ∝ exp
(
Eq({Θ,Ξ}\τ ) [log p(y,Θ,Ξ|X)]

)
.

For our model, owing to the conjugacy, the resulting approx-
imate posterior distribution of each factor follows the same
distribution as the corresponding factor.

1) Inference Details: The dimensionality reduction part has
two sets of parameters: the projection matrix that has normally
distributed entries and the prior matrix that determines the
precisions for this projection matrix. The approximate posterior
distribution of the priors can be formulated as a product of
gamma distributions

q(Φ) =

D∏
f=1

R∏
s=1

G

⎛⎜⎜⎜⎝φf
s ;αφ +

1

2
,

⎛⎜⎜⎝ 1

βφ
+

(̃
qfs

)2

2

⎞⎟⎟⎠
−1
⎞⎟⎟⎟⎠ (4)

where the tilde notation denotes the posterior expectations as
usual, i.e., f̃(τ ) = Eq(τ )[f(τ )], and we can calculate the scale
parameters using the posterior sufficient statistics of the pro-
jection matrix entries. The approximate posterior distribution
of the projection matrix is a product of multivariate normal
distributions

q(Q) =

R∏
s=1

N
(
qs; Σ(qs)Xz̃s,

(
diag(φ̃s) +XX�

)−1
)
(5)

where the mean vectors and the covariance matrices depend
on the posterior expectations of the projected instances and the
priors.

The approximate posterior distribution of the projected in-
stances can be found as a product of multivariate normal
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distributions

q(Z) =
N∏
i=1

N
(
zi; Σ(zi)

(
Q̃�xi + W̃t̃i − W̃b

)
,(

I+ ˜WW�
)−1

)
(6)

where we need the posterior sufficient statistics of the super-
vised learning parameters to calculate the mean vectors and the
covariance matrices in addition to the posterior expectations of
the projection matrix and the score variables.

The supervised learning part has two sets of parameters: the
bias vector and the weight matrix that have normally distributed
entries and the corresponding priors that are from the gamma
distribution. The approximate posterior distributions of the pri-
ors on the bias vector and the weight matrix can be formulated
as products of gamma distributions

q(λ) =

K∏
c=1

G
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1

2
,
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1

βλ
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b̃2c
2
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where the posterior sufficient statistics of the supervised learn-
ing parameters are needed to calculate the scale parameters. The
approximate posterior distribution of the supervised learning
parameters is a product of multivariate normal distributions

q(b,W) =

K∏
c=1

N
([

bc
wc

]
; Σ(bc,wc)

[
1�t̃c

Z̃t̃c

]
,[

λ̃c +N 1�Z̃�
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(9)

where we need the posterior sufficient statistics of the projected
instances, and the posterior expectations of the priors and the
score variables.

The approximate posterior distribution of the score variables
is a product of truncated multivariate normal distributions

q(T) =
N∏
i=1

T N

⎛⎝ti;W̃�z̃i + b̃, I,
∏
c �=yi

δ (tyi

i > tci )

⎞⎠ (10)

where the untruncated mean values depend on the posterior
expectations of the projected instances and the supervised
learning parameters. However, we need to find the posterior
expectations of the score variables in order to update the
approximate posterior distributions of the projected instances
and the supervised learning parameters. We can approximate
these expectations using a naive sampling approach [30].

2) Complete Algorithm: The complete inference algorithm
is listed in Algorithm 1. The inference mechanism sequentially
updates the approximate posterior distributions of the model pa-
rameters and the latent variables until convergence, which can
be checked by monitoring the lower bound in (3). The first term
of the lower bound corresponds to the sum of exponential forms
of the distributions in the joint likelihood. The second term is
the sum of negative entropies of the approximate posteriors in

the ensemble. The only nonstandard distribution in the second
term is the truncated multivariate normal distributions of the
score variables. We can calculate their negative entropies using
the normalization constants that can be calculated while finding
their expectations [30].

Algorithm 1 Bayesian Supervised Dimensionality Reduction

Require: X, y, R, αλ, βλ, αφ, βφ, αψ , and βψ

1) Initialize q(Q), q(Z), q(b,W), and q(T) randomly
2) repeat
3) Update q(Φ) and q(Q) using (4) and (5)
4) Update q(Z) using (6)
5) Update q(λ), q(Ψ), and q(b,W) using (7), (8), and (9)
6) Update q(T) using (10)
7) until convergence
8) return q(Q) and q(b,W)

3) Prediction: In the prediction step, we can replace
p(Q|X,y) with its approximate posterior distribution q(Q) and
obtain the predictive distribution of the projected instance z�

for a new data point x� as

p(z�|x�,X,y) =
R∏

s=1

N
(
zs�;μ(qs)

�x�, 1 + x�
�Σ(qs)x�

)
.

The predictive distribution of the score variables t� can also
be found by replacing p(b,W|X,y) with its approximate
posterior distribution q(b,W)

p(t�|X,y, z�)

=

K∏
c=1

N
(
tc�;μ(bc,wc)

�
[
1

z�

]
, 1 + [1 z�]Σ(bc,wc)

[
1

z�

])
and the predictive distribution of the class label y� can be
formulated using these score variables

p(y� = c|x�,X,y)

= Ep(u)

⎡⎣∏
j �=c

Φ

(
uΣ(tc�) + μ (tc�)− μ(tj�)

Σ(tj�)

)⎤⎦
where the random variable u is standardized normal and Φ(·) is
the standardized normal cumulative distribution function. The
required expectation can also be found using a naive sampling
approach [30].

C. Finding Intrinsic Dimensionality Using ARD

The dimensionality of the projected subspace is generally
selected using a cross-validation strategy or is fixed before
learning. Instead of these two naive approaches, the intrinsic
dimensionality of the data can be identified while learning
the model parameters. The typical choice is to use ARD [31]
that defines independent multivariate Gaussian priors on the
columns of the projection matrix. The distributional assump-
tions for the columnwise prior case can be given as

φs ∼G(φs;αφ, βφ) ∀s
qfs |φs ∼N

(
qfs ; 0, φ

−1
s

)
∀(f, s)
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and the approximate posterior distributions of the priors and the
projection matrix become

q(φ) =

R∏
s=1

G

⎛⎝φs;αφ +
D

2
,

(
1

βφ
+

q̃�
s qs

2
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q(Q) =
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N
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(
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)−1
)
.

D. Discussion

Updating the projection matrix Q using (5) is the most time-
consuming step, which requires inverting D ×D matrices for
the covariance calculations and dominates the overall running
time. When D is very large, the dimensionality of the input
space should be reduced using an unsupervised dimensionality
reduction method (e.g., PCA) before running the algorithm.
Matrix inversion operations would increase the running time
significantly when D is larger than some thousands. If the
dimensionality of the input space is not very large, there is
no need for this preprocessing step because it loses some
of the information in the original data due to dimensionality
reduction.

By multiplying the projection matrix Q and the supervised
learning parameters W, we can find the model parameters of
a linear classifier for the original data representation. However,
if the number of classes is larger than the projected subspace
dimensionality (i.e., K > R), the parameter matrix QW is
guaranteed to be of low rank due to this decomposition leading
to a more regularized solution. For multivariate regression
estimation, our model can be interpreted as a full Bayesian
treatment of reduced-rank regression [32].

We modify the precision priors for the projection matrix to
determine the dimensionality of the projected subspace auto-
matically. These priors can also be modified to decide which
features should be used by changing entrywise priors on the
projection matrix with rowwise sparse priors. This formulation
allows us to perform feature selection and classification at the
same time. In summary, we have three different prior formu-
lations: 1) entrywise; 2) columnwise; and 3) rowwise. These
formulations can be given as

ΦE =

⎡⎢⎢⎣
φ1
1 φ1

2 . . . φ1
R

φ2
1 φ2

2 . . . φ2
R

...
...

. . .
...

φD
1 φD

2 . . . φD
R

⎤⎥⎥⎦

ΦC =

⎡⎢⎢⎣
φD
1 φD

2 . . . φD
R

φD
1 φD

2 . . . φD
R

...
...

. . .
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φD
1 φD

2 . . . φD
R

⎤⎥⎥⎦

ΦR =

⎡⎢⎢⎣
φD
1 φD

1 . . . φD
1

φD
2 φD

2 . . . φD
2

...
...

. . .
...

φD
D φD

D . . . φD
D

⎤⎥⎥⎦
where the entrywise formulation, denoted as ΦE , places sepa-
rate priors for each entry of the projection matrix, the column-

TABLE II
COMPARISON OF GIBBS SAMPLING AND VARIATIONAL

APPROXIMATION ON SMALL DATA SETS

wise formulation, denoted as ΦE , places separate priors for each
column of the projection matrix, and the rowwise formulation,
denoted as ΦR, places separate priors for each row of the
projection matrix. If a particular column of ΦC is given a
very high value during inference, the corresponding entries in
the projection matrix are forced to have very small variance
parameters and to become zero, eliminating the corresponding
subspace dimension. Similarly, if a particular row of ΦR is
assigned a very high value, the corresponding feature is elim-
inated from the model. The sparsity of the projection param-
eters can be tuned by changing the hyperparameters (αφ, βφ).
Using sparsity-inducing priors, e.g., (αφ, βφ) = (0.001, 1000),
produces results analogous to that using the 	1-norm on the
projection parameters, whereas using uninformative priors, e.g.,
(αφ, βφ) = (1, 1), resembles using the 	2-norm.

III. EXPERIMENTS

We test our algorithm BSDR on three benchmark data
sets and one image recognition data set by comparing it
with seven (three unsupervised and four supervised) linear
baseline algorithms, namely, PCA, locality preserving projec-
tions (LPPs) [3], neighborhood preserving embedding (NPE)
[4], FDA, neighborhood components analysis (NCA) [20],
maximally collapsing metric learning (MCML) [21], and
max-margin distance analysis (MMDA) [9]. BSDR combines
dimensionality reduction and supervised learning in a joint
framework. In order to have comparable algorithms, we per-
form supervised learning using multinomial probit (MNP)
model, after reducing dimensionality using baseline algorithms.
The suffix +MNP corresponds to learning a classifier in the
projected subspace using MNP. We also report the classification
results obtained by MNP without dimensionality reduction to
see what we lose by projecting instances to a low-dimensional
subspace.

We implement both Gibbs sampling and variational ap-
proximation methods for MNP and BSDR in Matlab. Our
Matlab implementation is available at http://users.ics.aalto.
fi/gonen/bsdr/. The default hyperparameter values for MNP
and BSDR are selected as (αλ, βλ, αψ, βψ) = (1, 1, 1, 1) and
(αλ, βλ, αφ, βφ, αψ, βψ) = (1, 1, 1, 1, 1, 1), respectively. We
take 10 000 draws for the Gibbs sampling, discard the first 5000
as the burn-in, and retain every fifth realization of parameters
after the burn-in for inference and prediction, giving us a total
of 1000 samples, whereas we run the variational approximation
for 500 iterations.

We use our own Matlab implementations for PCA, FDA,
and MMDA. We solve semidefinite programming problems
of MMDA using the CVX optimization toolbox [33], [34].
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Fig. 2. Comparison of algorithms with MNP.

Fig. 3. Comparison of algorithms with k-NN.

LPP, NPE, NCA, and MCML implementations are integrated
from the Matlab Toolbox for Dimensionality Reduction,
which is publicly available at http://homepage.tudelft.nl/19j49/
Matlab_Toolbox_for_Dimensionality_Reduction.html. We use
the provided default parameter values for LPP, NPE, NCA,
MCML, and MMDA.

For each experiment on benchmark data sets, we create ten
random splits from the whole data set by dividing into two parts
(one for training and one for test) and report the means and the
standard deviations of the classification accuracies.

A. Gibbs Sampling Versus Variational Approximation

In order to compare Gibbs sampling and variational ap-
proximation, we perform experiments on two small benchmark
data sets, namely, Iris and Wine, from the University of
California, Irvine (UCI) repository, which is publicly available
at http://archive.ics.uci.edu/ml/. Table II gives the average test
accuracies on these two data sets obtained by Gibbs sampling
and variational approximation. We see that variational approxi-
mation obtains very similar average test accuracies compared to
Gibbs sampling. For small data sets, the training times of these
two methods are very close, but the difference becomes signifi-
cant for larger data sets. We use only variational approximation
in the following experiments on larger data sets.

B. Classification Experiments on Benchmark Data Sets

We use three benchmark data sets to compare our algorithm
with the baseline algorithms. Vowel is the 26-dimensional data
set of a speaker performing nine different vowels 300 times
per vowel collected for a vocal joystick system [35]. We use
100 data points per vowel for training. MultiFeat is the
649-dimensional data set of 2000 handwritten digits from the
UCI repository. We use 100 data points per digit for training.
USPS is the database of 16 × 16 grayscale handwritten digits

[36]. We use 100 samples per digit for training and test, giving
us a data set of 2000.

Fig. 2 gives the average test accuracies on the Vowel data
set. We see that BSDR clearly outperforms all of the baseline
algorithms for less than four dimensions, whereas all super-
vised algorithms obtain very similar performances after three
dimensions. For example, BSDR achieves at least 7% higher
average test accuracy compared to the other algorithms when
the projected subspace is 2-D. However, supervised baseline
algorithms, namely, FDA+MNP, NCA+MNP, MCML+MNP,
and MMDA+MNP, obtain very good average training accura-
cies, and this shows that they do not generalize well to out-
of-sample points. Fig. 2 also gives the average test accuracies
on the MultiFeat data set. We see that BSDR clearly
outperforms all of the baseline algorithms for less than five
dimensions. Similar to the Vowel data set, BSDR significantly
outperforms other algorithms by more than 11% when the
projected subspace is 2-D. The average test accuracies on the
USPS data set are also given in Fig. 2. For all dimensions tried,
BSDR and MCML+MNP have higher average test accuracies
compared to other algorithms. Note that we could not report the
results of NCA+MNP, MCML+MNP, and MMDA+MNP on
the original representations of the MultiFeat and USPS data
sets due to excessive computation time. Instead, we reduce the
dimensionality to 30 using PCA before training NCA, MCML,
and MMDA.

We use MNP to classify projected instances when we com-
pare BSDR with baseline dimensionality reduction algorithms
in terms of classification performance. This may give BSDR an
unfair advantage because it contains MNP in its formulation.
We also replicate the experiments using k-nearest neighbor
(k-NN) as the supervised learning algorithm after reducing
dimensionality. The suffix +k-NN corresponds to learning a
classifier in the projected subspace using k-NN. As we can
see from Fig. 3, the classification performances on the three
data sets are very similar to the ones obtained using MNP. This
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Fig. 4. 2-D embeddings and confusion matrices on the Vowel data set.
Rows of confusion matrices correspond to true class labels, whereas columns
correspond to predicted class labels.

shows that the superiority of BSDR on very low dimensions
cannot be explained by the use of MNP only.

These three benchmark data sets are known to be “easy”
classification tasks (i.e., they do not contain too much noise)
in their original feature representations, and the classification
performance after dimensionality reduction is not expected
to become better. We see that MNP without dimensionality
reduction obtains the best classification results, and this is in
complete agreement with the earlier studies.

The high performance of BSDR for low-dimensional sub-
spaces can also be observed in Fig. 4. For the 2-D subspace case
on the Vowel data set, MMDA is the best working one from the
baseline methods, but it cannot separate /ao/, /u/, /ibar/, /i/,

Fig. 5. 2-D embeddings and confusion matrices on the MultiFeat data set.
Rows of confusion matrices correspond to true class labels, whereas columns
correspond to predicted class labels.

and /e/ well as we can see from the confusion matrix. However,
BSDR is able to construct well-separated clusters, which is
evident from the fact that BSDR achieves 91.00% accuracy,
whereas MMDA+MNP is able to get 82.83% accuracy. For
the 2-D subspace case on the MultiFeat data set, which is
illustrated in Fig. 5, MCML is the best working one from the
baseline methods, but it cannot separate the digits well as we
can see from the confusion matrix. MCML+MNP and BSDR
achieve 78.90% and 90.60% accuracies, respectively.

In order to illustrate the performance of our model with ARD
priors, we compare the entrywise prior with the columnwise
prior on the Vowel data set. The hyperparameters of BSDR
with ARD are selected as (αλ, βλ, αφ, βφ, αψ, βψ)=(1, 1,
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Fig. 6. Projection matrices on the Vowel data set.

Fig. 7. Convergence behavior of BSDR on the Flickr data set.

TABLE III
EFFECT OF SAMPLE SIZE ON THE Vowel DATA SET

0.001, 1000, 1, 1) to promote sparsity. Fig. 6 shows the pro-
jection matrices of these two alternatives for the case R = 8.
We can see that four of the columns (i.e., empty columns)
are assigned zero weights with the help of priors, eliminat-
ing the corresponding subspace dimensions. BSDR with ARD
obtains 98.49% ± 0.21% average test accuracy using only
four out of eight subspace dimensions, whereas BSDR obtains
98.81% ± 0.25% average test accuracy using all of the subspace
dimensions.

We also perform an additional set of experiments on the
Vowel data set to show the effect of sample size. We train MNP
and BSDR with R = 8 using only 10% of the training data
(i.e., ten samples per class instead of 100) and compare their
classification performances with the earlier results obtained
with the full training data. Table III gives the average test
accuracies of these two scenarios on the Vowel data set. We
see that both MNP and BSDR with the reduced training set
obtain worse accuracies than with the full training set. This
result is not surprising due to the discriminative nature of these
algorithms. Similar to MNP, BSDR requires a moderate number
of training samples to estimate the model parameters properly
without overfitting.

TABLE IV
COMPARISON OF METHODS ON THE Flickr DATA SET

C. Image Classification and Retrieval Experiments

We also test our algorithm BSDR in a more realistic (i.e.,
noisy) setup by performing classification and retrieval ex-
periments on an image recognition data set. The Flickr
image retrieval data set from [37] contains 3411 images from
13 animal categories, namely, squirrel, cow, cat, zebra,
tiger, lion, elephant, whales, rabbit, snake,
antlers, wolf, and hawk. Each animal image is represented
using 634-dimensional low-level image features (e.g., color
histogram, edge direction histogram, etc.). We use 2054 images
for training and the rest for testing as provided. In retrieval
experiments, each test image is considered as a separate query,
and training images are ranked based on their cosine similarities
with the given test image. The cosine similarity is calculated
using the subspace projections obtained. A training image is
taken as relevant if it belongs to the category of the test
image. We evaluate the retrieval results using the mean average
precision score.

Table IV shows the classification and retrieval results on
the Flickr data set under two different settings, namely,
R = 5 and 10. We see that BSDR clearly outperforms all of
the baseline algorithms in terms of classification performance.
BSDR is the only algorithm that can achieve a significantly
better classification accuracy than MNP with the original fea-
ture representation by improving the accuracy by more than
3% using only ten dimensions. Note that we could not report
the results of NCA+MNP, MCML+MNP, and MMDA+MNP
on the original representation of the Flickr data set due
to excessive computation time. Instead, we again reduce the
dimensionality to 30 using PCA before training NCA, MCML,
and MMDA.

In order to illustrate the convergence behavior of our algo-
rithm, we report the variational lower bound of BSDR on the
Flickr data set throughout 500 iterations in Fig. 7. We see
that BSDR is able to quickly converge under both settings,
namely, R = 5 and 10, before 100 iterations. We observe the
same behavior for two small data sets and three benchmark data
sets used in the previous experiments.

BSDR is also the best algorithm in terms of retrieval per-
formance. For example, BSDR with R = 10 achieves almost
twice the mean average precision of the original feature repre-
sentation. Fig. 8 displays one test image from each category
and the first seven training images in the ranked result list
obtained by BSDR with R = 10 for that test image. We see
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Fig. 8. Sample queries and result images obtained by BSDR with R = 10 on the Flickr data set.
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that the initial images in the result list are very meaningful for
most of the categories even though there are some mistakes
for confusing category groups such as {cat, wolf} and
{rabbit, cat}. However, these mistakes are not surprising
due to shape and color similarities between these groups, which
make them hard to separate from each other with simple feature
representations such as color histogram and edge direction
histogram. Our method also decreases the computational com-
plexity of retrieval tasks due to low-dimensional representation
used for images as in indexing and hashing schemes. When
we need to retrieve images similar to a query image, we can
calculate the similarities between the query image and other
images very fast.

IV. CONCLUSION

We present a BSDR method that couples linear dimension-
ality reduction and linear supervised learning in a principled
way. We give detailed derivations for multiclass classification
with two different inference strategies: Gibbs sampling and
variational approximation. We then extend our model to find
the intrinsic dimensionality automatically. Our method can
easily be applied to binary classification and regression esti-
mation tasks by changing the supervised learning part of our
graphical model. Experimental results on three benchmark data
sets and one image recognition data set show that our model
outperforms seven baseline linear dimensionality reduction al-
gorithms in terms of classification and retrieval performances.

The proposed model can be extended in different directions:
First, we can perform a nonlinear projection using kernel values
as input data, or we can use Gaussian processes instead of MNP
in our probabilistic model to increase the prediction perfor-
mance. Second, we can learn a unified subspace from different
feature representations using multiple kernel learning similar
to the classification formulation in [38]. These extensions are
more meaningful for the xi → zi → yi dependence that we
use as opposed to the zi → xi and zi → yi dependences used
in [25] and [26]. Finally, we can learn a unified subspace for
multiple target outputs (i.e., multilabel learning) or multiple
input representations (i.e., multitask learning).

APPENDIX

DETAILS OF GIBBS SAMPLING

A. Sampling Details

The full conditional distribution of the priors is a product of
gamma distributions on the matrix entries

p(Φ|Q) =

D∏
f=1

R∏
s=1

G

⎛⎝φf
s ;αφ +

1

2
,

(
1

βφ
+

(
qfs

)2
2

)−1
⎞⎠

and the full conditional distribution of the projection matrix is
a product of multivariate normal distributions on its columns

p(Q|X,Z,Φ) =

R∏
s=1

N
(
qs;

(
diag(φs) +XX�)−1

×Xzs,
(
diag(φs) +XX�)−1

)
where we can sample from these two distributions using stan-
dard methods.

The full conditional distribution of the projected instances
is a product of multivariate normal distributions on the matrix
columns

p(Z|b,Q,W,X) =

N∏
i=1

N
(
zi;

(
I+WW�

)−1

×
(
Q�xi +Wti −Wb

)
,
(
I+WW�

)−1
)

where we can sample each data point separately.
The full conditional distributions of the priors are products

of gamma distributions

p(λ|b) =
K∏
c=1

G
(
λc;αλ +

1

2
,

(
1

βλ
+

b2c
2

)−1
)

p(Ψ|W) =

R∏
s=1

K∏
c=1

G

⎛⎝ψs
c ;αψ +

1

2
,

(
1

βψ
+

(ws
c)

2

2

)−1
⎞⎠

and the joint full conditional distribution of the bias vector
and the weight matrix is a product of multivariate normal
distributions

p(b,W|T,Z,λ,Ψ)

=

K∏
c=1

N
([

bc
wc

]
;

[
λc+N 1�Z�

Z1 diag(ψc)+ZZ�

]−1

×
[
1�tc

Ztc

]
,

[
λc+N 1�Z�

Z1 diag(ψc)+ZZ�

]−1
)

where each of them is defined for one class. Denison et al. [39]
give a similar formulation for MNP models without the bias
parameters on the original data points instead of the projected
instances.

The full conditional distribution of the score variables is a
product of truncated multivariate normal distributions

p(T|b,W,y,Z)=

N∏
i=1

T N

⎛⎝ti;W
�zi+b,I,

∏
c �=yi

δ (tyi

i >tci )

⎞⎠
where the truncation depends on the class label. In order to
sample from this truncated distribution, we can use the naive
approach of drawing samples until the sample satisfies the trun-
cation condition (i.e., rejection sampling) [27]. If the number
of classes is large, this strategy may become very inefficient
due to high rejection rate. In this case, we can also use a Gibbs
subsampler to draw samples from this truncated multivariate
normal distribution [40].

B. Prediction

In the prediction step, we need to estimate the projected
instance z� and the class label y� for a new data point x�. The
predictive distribution of x� can be written as

p(y� = c|x�,X,y) =

∫
p(y� = c|t�)p(t�|x�,X,y) dt�

and can be approximated by drawing samples from the full
posterior. For each sample from {b(l),Q(l),W(l)}Sl=B+1

, we
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can draw z�(l) using (1) and t�(l) using (2), where B is
the number of burn-in samples and S is the number of total
samples. Then, z� can be approximated as

z� =
1

S −B

S∑
l=B+1

z�(l)

and the approximate predictive distribution can be obtained by
the following Monte Carlo estimate:

p(y� = c|x�,X,y)

=
1

S −B

S∑
l=B+1

Ep(u)

⎡⎣∏
j �=c

Φ
(
u+ tc�(l) − tj�(l)

)⎤⎦
where the expectation can again be approximated using a
straightforward sampling approach.
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