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Abstract. The emerging large-scale computational grid infrastmects pro-
viding an interesting platform for massive distributed guations. In this pa-
per the problem of exploiting such computational grids falvimg challenging
propositional satisfiability problem (SAT) instances isdied. When designing
a distributed algorithm for a large loosely coupled compatel grid, a num-
ber of grid specific problems need to be tackled includinghtéierogeneity of
the resources, inherent communication delays, and hidfréaprobabilities of
grid jobs. In this work a novel distribution method for saigi SAT problem in-
stances, called scattering, is introduced. The key adgastaf scattering are that
it can be used in conjunction with any sequential SAT solirel¢ding indus-
trial black box solvers), the distribution heuristic isiclly separated from the
heuristic used in sequential solving, and it requires noroamication between
processes solving subproblems but still allows coordimedif such processes. An
implementation of the method has been developed for Nordu&targe widely
distributed production-level grid running in Scandinaviae implementation has
been benchmarked with test cases including random 3SATrallknging indus-
trial benchmarks used in previous SAT competitions.

1 Introduction

We study thepropositional satisfiability probler(SAT) of determining whether a given
propositional formula has a satisfying truth assignmesetiBion methods for SAT and
their implementation techniques have advanced consilyettating the last decade and
SAT based techniques have been applied successfully insdareas including plan-
ning [1,2], model checking of finite state systems [3,4]tites[5], hardware verifica-
tion [6], VLSI-routing [7], and scheduling [8].

An interesting approach to boosting the applicability offS¥ased problem solving
is to exploit parallel computation to solve SAT problem arstes. In particular, the
emerging large scale computational grids make this approaxeasingly attractive.
For example, the largest software project currently furtethe European Union is the
EGEE project (Enabling Grids for E-sciendft;t p: / / publ i c. eu- egee. or g/ ).

In this paper we study how to exploit the grid infrastructiresolving challeng-
ing SAT instances. Compared to more tightly coupled pdredlsputing architectures,
grids have properties that need to be taken into account whksigning distributed
algorithms. In particular, (i) the available resources banquite heterogeneous in a
grid, (ii) no shared memory is available and communicatielags are significant, and
(iii) individual jobs executed in grid nodes have non-neilie failure rates. The goal



is an approach where we can exploit the best SAT solving tqaks and the grid re-
sources. For this we are developing distributed SAT solwrgdhods that satisfiy the
following set of requirements.

— Any SAT solver can be exploited in solving a problem witholioges.

— If the used SAT solvers are complete, then the distributetthatkis complete.

— The methods are usable in a wide variety of grid infrastnasu

— There is no communication between grid nodes during solvilhgs is important
as support for inter-node communication is limited due tusi¢y reasons.

— The methods are fault-tolerant and recover and maintairptateaness even if grid
processes fail.

Several parallel SAT solvers designed to work in a distedugnvironment have
been described [9,10,11,12,13,14]. However, in theseoagpes it is not possible to
exploit a chosen sequential SAT solver directly but they lzased on developing a
special purpose SAT solver for the distributed case. Maggdalistribution of work and
load balancing are fairly tightly coupled with the decissanade in the SAT solver and
a significant amount of inter-process communication is aded

A straightforward way to satisfy the requirements aboveiage an approach we
call Simple Distributed SATSDSAT) where a SAT instance is solved by running a
number of SAT solvers on the same instance as independentjui waiting until
one of them solves the problem. If a randomized SAT solvewrélable (for exam-
ple,Sat z- r and, WAl kSAT, or Adapt i veNovel t y+), this solver can be used with
different seeds. This approach has potential as resudtsj@[15,16] indicate.

However, an obvious weakness of SDSAT is that there is noeradipn between the
independent jobs, i.e., there is no way that progress anthp@sults obtained in one
job can contribute to completing another job. This is a ser&hortcoming because each
process needs to be given resource bounds (CPU time, membey) the process is
sentto a grid. Thus, the natural way of running SDSAT by itgijbbs without resource
bounds and waiting until one of them succeeds is not availabfirids. Moreover, job
management in a grid typically takes into account the resorequirements of a job,
implying lower priority to jobs with substantial resourcerdands and longer delays.

In this paper we present a novel distributed SAT solving méttalledscattering
which satisfies the requirements above but still allows émperation. The basic idea is
to divide a given SAT instance gradually to increasingly enconstrained subproblems
that are sent to the grid to be solved using practically amjiavie SAT solver. While
this is somewhat similar to SDSAT, there are substanti&dihces.

— The subproblems to be solved become easier to solve as thmutation proceeds.

— Learning techniques used in sequential solvers can be ieegbiyhen dividing a
problem to subproblems.

— The division of a problem to subproblems is based on estimgatie computational
cost of the subproblems in order to achieve better loadrlcalg.

We have an implementation of the method, called SATU, fordw@rid [17] (it t p:

[ I www. nor dugri d. or g/ ), a widely distributed Scandinavian computational grid.
The rest of the paper is structured as follows. The scageriethod is described in

Sect. 2 and Sect. 3 reports experiments on the feasibilttyeodpproach and concludes.



2 The Algorithm

The goal is to develop an algorithm for solving challengidd $hstances on a variety
of grids. In order to employ a wide range of grids, we make maliassumptions re-
garding theDistributed Execution Environme(DEE) provided by a grid. The DEE is
assumed to offer a simple interface between the client sgrediecutiongexecutable
programs together with their inputs), and the environmeneiving and running the
executions. The only functionalities available to themliare (i) Send, which sends an
execution to the environment, (ii) Monitor, which repofie state of the execution, and
(iif) Receive, which returns the result of an execution.

We do not assume that the executions are able to communicattlywith each
other. We also assume that the DEE has some maximum of sireolia executions it
can hold. If this limit is reached, the environmens&urated and any new executions
may fail without a result. The executions must finish when samndition given at
construction time is triggered, e.g, a CPU time or memorytlismexceeded.

The simple distributed SAT (SDSAT) scehme is not optimaldolving resource
intensive problems in a grid because of the resource bourdiph management poli-
cies explained in the introduction. In order to address aefaies of SDSAT we have
developed a distribution method callgchttering The basic ideas underlying scattering
are quite straightforward.

— A SAT problem instance is divided to a set of subproblems kiraginew con-
straints (clauses) to the original problem to make the sallipms easier to solve.

— The division of a problem to subproblems (a scattering sgegdne so that (i) if all
subproblems have been solved, we get a solution to the atigioblem, and (ii)
search spaces of the subproblems are disjoint.

— An execution of a subproblem is interrupted if a given reseuround is exceeded
and the problem is divided further.

Next we explain (i) the basic scattering rule and the sdatidree, (ii) the technique
employed to generate subproblems with comparable estihcataputational cost, and
(iii) the heuristic used to select constraints to be added.

2.1 The Basic Scattering Rule and the Scattering Tree

The scattering rule constructs a parameterized nugfherscattered formulaB,, . . . , Fs
from a formulaF’ such that
FATy ifi=1
F,=< FA-TIA--- A~ i_l/\Tiif1<’L'<Sf (1)

FA=TyN---A=Ty_y  ifi=sf.

T; is a conjunctiori A - - - A léi of d; literals heuristically selected (Sect. 2.3) ahds
selected to yield comparably sized subproblems (Sect. Pi@)expressionT; = I} Vv
SV l_izi is the negation of the conjunctidn. Thus constructed propositional formulas
have the properties that (i) the disjunctii Vv - - - vV Fy; is logically equivalent to the
formula £, and (i) no two formulag;, F;, ¢ # j, share a satisfying truth assignment.



We solve a SAT instancg, by performing a distributed search irsaattering tree
with root F. . The nodes are formulas obtained by the scattering ruleasdtté children
of a nodeF' are the scattered formulds, ..., Fss. The search is implemented by
sending formulas associated to nodes as jobs to be solvdwiDEE. A part of a
possible scattering tree is given in Fig. 1.

A node of the tree isomputed
satisfiablaf the corresponding job
e Nrrevan] returns with this answer, or if at
e "0 | least one of the children is com-

puted satisfiable. The nodedem-
F o) A @) puted unsatisfiabliéthe correspond-
ey ) ing job returns unsatisfiable, or if
all children have been computed un-
satisfiable. The scattering tree is con-
structed incrementally while send-
ing the jobs to the DEE unti¥;. is computed satisfiable or unsatisfiable.

The correctness of the computed answer follows from thevigtig observations.
Since scattered formulas @f are more constrained than by (1), a satisfying truth
assignment for one of the scattered formulas satisfies theula ' as well. Moreover,
since the disjunction of the scattered formulas is logyoadjuivalent to the formul#’, if
all scattered formulas are unsatisfiable, the fornftia also unsatisfiable. Furthermore,
if a propositional formula is computed unsatisfiable, alsgible scattered formulas,
being more constrained, are also unsatisfiable.

An ancestor of a formula in the scattering tree is less caimsd than the child.
As a result, all clauses which are logical consequencesedditicestor are also logical
consequences of the child. Learned clauses from formhutzan be included to the
formulaF”’ only if F'is ancestor of in the scattering tree.

FA((Z1V 2)
A(T3) A (24))

Fig. 1. A part of a scattering tree

2.2 Balancing the subproblems

The basic scattering rule dnwill fix d; literals by the conjunctiof; on each scattered
instanceF;, 1 < i < sf — 1. We try to divideF' to F; that have comparable estimated
computational costs.

Let ¢(F') denote the estimate of the time required to solve a fornfuldirectly.
Then the time required to solve eaéh should be comparable t¢F')/sf. Since the
solution spaces of the instances are distinct by (1), we msyrae that the solving times
t(F;) = t(F)/sf,1 < j < i of the previously constructed problems can be subtracted
from the total solving time( F") to get the time required to solve the remaining problem.
Sincet(F;) should also be(F)/sf, a proportionr; should be constructed from the
remaining problem of approximate run tim@") — (i — 1)(¢(F")/sf). This yields the
equationt(F)/sf = (t(F) — (i — 1)(¢(F)/sf)) r;. When solved for;, this becomes
ri=(sf —i+ 1)L

As an approximation of the computational cost we assume tistwase behaviour,
that is,t(F') = O(2™) wheren is the number of variables ifi. If d; is the number of
literals fixed in the scattering rule to obtafif, thent(F;) = O(2"~%), when assuming
direct simplification by unit propagation. The problem isiimimize|[2~% — r;|.



An example forsf = 7 is given in Table 1. The first column shows values:pofor
i=1,...,7,the second column shows the valued ofinimizing|2~% — r;|, and the
third column shows the resulting estimated fractions offthigoroblem.

2.3 The Heuristic

The selection of literals for the scattered formulas in §13 heuris-

tic process aiming at constructing scattered formulas lvhave com- ridi Est
parable solving times and are more constrained than theularfrom 1 3 (5 {95
which they are scattered. We have implemented the heusiskiction I
of scattering literals on top of a SAT solver implementaf{ib8] similar 6 3 0.109
to zChaf f [19]. When selecting thé; literals for the scattered for- % 2 0.191
mula F;, the procedure takes as inpdtA =71 A --- A =T;_1, runsthe 1 o 0.144
zChaf f type algorithm until it reaches the decision ledel+ 1 and ‘1‘
then selects as the literals . . ., lili the d; decision literals chosen on 3 2 0.108
levelsl, ..., d,. 11 0.161
Our modification of the originad Chaf f VSIDS heuristic [19] aims 10 0.161
at finding variables that divide the remaining search spatoegarts of ——
comparable size. In contrast to the greedy VSIDS heurigté yank
each variabler with the scores of literals: and -« and choose the Table _1' a
variable which has the best lower score, and finally selestliteral balancing
example for

corresponding to the higher score of this variable as thisidediteral.

3 Conclusions =T
The paper presents a novel method for distributed SAT sp)\dalled scattering, and
studies the performance of SATU using benchmarks from pusvSAT competitions.
Table 2 shows preliminary comparison between SATU and SD&ASome SAT in-
stances. The 4th column shows the number of SDSAT runs whéate faster than
SATU. The SDSAT runs were were computed by 200 MHz AMD Athtar)(64 Pro-
cessor 3200+. More results are available from [20].

Scattering differs from other dis-
tributed SAT solving methods, such

Name SATU (s) SDSAT(s) # Result

as [9,10,11,12,13,14] in a numbercnt1l0 1121 540 57 sat

of ways: (i) any SAT solver, includ- dp10u09 586 149 19 unsat

ing industrial black box solvers, can Tizs(;;542 . 80274?0 48311 Q;é L:;fat

be used with no modifications, (i) it . -

has modest requirements for((:())m—llsa21—3—a 1017 206 5 sat
S . Mat26 1503 4151 O unsat

munication but still allows process vda_gr_rcs_w8 1160 1 5 sat

coordination, (iii) when the solving
of a problem needs to be distributed
it is possible to divide the problem
to an arbitrary number of subproblems, and (iv) heuristarsdividing a problem to
subproblems is separated from the heuristic for solvingziddal subproblems.

Interesting topics of future work include the optimizatmfrihe scattering algorithm
and the grid job management. Also a more thorough compakhistween the SDSAT
method and SATU might provide some useful hints on how to domthe benefits of
both approaches.

’ Table 2.comparison between SATU and SDSAT
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